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Abstract

This paper develops an asymptotic distribution theory for Generalized Method of Moments
(GMM) estimators, including the one-step and iterated estimators, when the moment conditions
are nonsmooth and possibly misspecified. We consider nonsmooth moment functions that are
directionally differentiable - such as absolute value functions and functions with kinks - but not
indicator functions. While GMM estimators remain /n-consistent and asymptotically normal
for directionally differentiable moments, conventional GMM variance estimators are inconsistent
under moment misspecification. We propose a consistent estimator for the asymptotic variance
for valid inference. Additionally, we show that the nonparametric bootstrap provides asymptot-
ically valid confidence intervals. Our theory is applied to quantile regression with endogeneity
under the location-scale model, offering a robust inference procedure for the GMM estimators

in Machado and Santos Silva (2019). Simulation results support our theoretical findings.

1 Introduction

For many important applications of the generalized method of moments (GMM) estimators
(Hansen, 1982), the moment function does not satisfy standard smoothness conditions. Existing
results, such as those in Pakes and Pollard (1989) and Newey and McFadden (1994), establish
asymptotic distribution theory for GMM with nonsmooth criterion functions, assuming correct
specification of the moment conditions. However, over-identified GMM models are subject to

misspecification of the moment conditions regardless of smoothness of the criterion functions. In
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practice, researchers often report (marginally) significant over-identifying restrictions test statistics,
suggesting potential moment misspecification. It is well documented that moment misspecification
leads to significant bias in conventional GMM variance estimators, which in turn causes size dis-
tortions in hypothesis testing. To ensure the validity of the GMM standard errors and confidence
intervals, it is crucial to develop inference methods that are robust to potential misspecification.

This paper provides an asymptotic distribution theory for GMM estimators based on over-
identified and nonsmooth moment conditions while being robust to potential moment misspecifica-
tion. We extend existing theories for nonsmooth GMM, such as those by Pakes and Pollard (1989)
and Newey and McFadden (1994), to settings where the moment conditions may be misspecified.
Specifically, we consider global misspecification, where the population moments are equal to fixed
nonzero constants. Under global misspecification, the GMM estimator remains consistent for the
pseudo-true value, defined as the unique minimizer of the population GMM criterion. Moreover,
the asymptotic variance includes additional terms that are typically assumed away under correct
specification, rendering conventional heteroskedasticity-robust GMM variance estimators inconsis-
tent.

Robustness to model misspecification does not come for free, as it generally requires stronger
smoothness conditions. Standard asymptotic normality results for smooth GMM estimators require
only once-differentiability under correct specification, whereas asymptotic results for smooth mis-
specified GMM (e.g., Hall and Inoue, 2003; Hansen and Lee, 2021) require moment functions to be
twice continuously differentiable. Our main result (Theorem 1) assumes stochastic differentiability
in addition to the stochastic equicontinuity conditions typically imposed in the literature on nons-
mooth GMM (e.g., Pakes and Pollard, 1989, Theorem 3.3; Newey and McFadden, 1994, Theorem
7.2). While the original stochastic equicontinuity conditions in Pakes and Pollard (1989) and Newey
and McFadden (1994) allow for very weak assumptions - potentially permitting discontinuous mo-
ment functions - the stochastic differentiability condition requires some form of differentiability,
and our theory does not handle discontinuous functions, e.g., indicator functions, and thus restricts
the function classes.

However, there are many interesting applications that satisfy our conditions while failing to meet
the stronger requirement of twice continuous differentiability. Examples include GMM estimation
of censored regression models with endogeneity (Honoré and Hu, 2004) and GMM estimation of
quantile regression with endogeneity, as considered in Machado and Santos Silva (2019), among
others. Our results allow moment functions to be locally Lipschitz and differentiable with proba-
bility one, encompassing absolute value functions and those with kinks. We also provide sufficient
conditions that are straightforward to verify and align with primitive conditions studied in the
literature, such as those in Pollard (1985) and van der Vaart and Wellner (1996).

We focus on the iterated efficient GMM estimator, which includes the one-step GMM esti-
mator with a weight matrix that does not depend on the parameter as a special case. Under
moment misspecification, the asymptotic distribution of the two-step GMM depends on that of

the previous-step (preliminary) GMM estimator at which the efficient weight matrix is evaluated,



making the asymptotic analysis complicated (Hall and Inoue, 2003). The iterated GMM eliminates
this dependence, significantly simplifying its asymptotic distribution and making inference more
straightforward (Hansen and Lee, 2021). We establish the asymptotic distribution of the iterated
GMM estimator with nonsmooth moment functions under possible misspecification.

In practice, the bootstrap is routinely used to compute standard errors or confidence intervals.
We establish the consistency of the nonparametric bootstrap confidence interval for nonsmooth
GMM estimators, proving that the GMM estimators converge in distribution in probability to the
limit distribution. Our result extends Hahn (1996), who established the first-order validity of the
bootstrap for nonsmooth GMM under correct specification, and Lee (2014), who established the
asymptotic refinement of the nonparametric i.i.d. bootstrap for smooth GMM while allowing for
moment misspecification.

While our paper considers moment functions that are directionally differentiable, where the
estimators are y/n-consistent and asymptotically normal, in independent work, Hong and Li (2025)
show that misspecified GMM estimators with non-directionally differentiable moments are n'/3-
consistent and have a nonstandard asymptotic distribution. Our results complement theirs in the
case of directionally differentiable moment conditions. To handle both n'/3 and \/n rates in a unified
framework, their results rely on the cube-root asymptotic theory, similar to Kim and Pollard (1990),
and impose assumptions ensuring the finite-dimensional distribution and stochastic equicontinuity
of the scaled empirical process for the sample criterion functions. Our paper, in contrast, relies on
different assumptions on stochastic equicontinuity and stochastic differentiability that are directly
comparable to those in Newey and McFadden (1994) and Pakes and Pollard (1989). Furthermore,
the results on the iterated GMM estimator in Section 3.3 are unique to this paper.

This paper does not consider local misspecification, where the population moment condition is

1/2_peighborhood of zero when evaluated at the true

modeled as a drifting sequence within an n~
parameter. However, this approach has recently gained considerable attention in the literature,
e.g., Conley et al. (2012), Andrews et al. (2017), Armstrong and Kolesar (2021), and Bonhomme
and Weidner (2022), among many others. In the locally misspecified GMM setup, the difficulty
arises from the first-order bias that must be accounted for in the asymptotic distribution. Several
important papers develop valid inference in the local misspecification framework; see Armstrong
and Kolesar (2021), Bonhomme and Weidner (2022), Chernozhukov et al. (2023), and references
therein.

In the quasi-maximum likelihood framework, Cho and White (2018) consider a directionally dif-
ferentiable quasi-likelihood function and derive the limit distribution of the standard test statistics.
We note that misspecification of the likelihood function differs from the moment misspecification
considered in this paper, as the latter can occur only in over-identified models.

The remainder of the paper is organized as follows. Section 2 defines the model setup and
GMM estimators and presents two examples. Section 3 establishes the asymptotic theory for the
one-step GMM and iterated GMM. Section 4 provides the asymptotic validity of the nonparametric
bootstrap for GMM. Section 5 presents results for the methods in Machado and Santos Silva (2019)



to illustrate the application of our general results. Section 6 provides simulation evidence, and
Section 7 considers an illustrative empirical example of fish demand. All proofs are in Appendix

A, and details on the implementation of covariance matrix estimation are provided in Appendix B.

2 Model Setup and Estimators

We have observations {X;}!" ;. The parameter of interest is § € © C RP, a p-dimensional
vector. The researcher specifies a vector of moment conditions and assumes that there is a unique

parameter value that satisfies the vector of moment conditions:

Elgn(6o)] = 0, (1)

where g, (0) is an m-dimensional vector of data and parameters, which is allowed to be a nonsmooth
function of the parameter 6, with m > p. The hypothesis (1) is referred to as the correct specification
of the model. The conventional nonsmooth GMM theory is established under the assumption of
(1).
Along with the nonsmoothness of g, (6), we allow for moment misspecification, which is defined
as
Elg,.(0)] # 0, V0 € ©, (2)

meaning that no parameter value satisfies the assumed moment condition. Moment misspecification
is technically distinct from likelihood misspecification (White, 1982), where the moment condition
is given by the first-order conditions (FOCs). In that context, the moment condition holds at
the maximizer regardless of likelihood misspecification because the number of parameters equals
the number of FOCs. In contrast, moment misspecification occurs only in over-identified mod-
els. Despite this distinction, the two concepts share a fundamental similarity: in both cases, the
probability limit of the estimator is defined as the minimizer of a well-specified statistical distance
measure, referred to as the pseudo-true value. A formal definition will be provided in this section.
Define the GMM criterion function:!

Jn(a’ ¢) = gn(a)/Wn(¢)gn(G) (3)

where g,(0) = n71 Y7 6:(0), gi(0) = g(X;,0) is an m-dimensional moment function, and the

parameter ¢ is the initial value used to form the weight matrix,

W (0) = (; Zviw)vz‘(@)')

'For notation consistency, we only focus on the GMM estimators in this paper, however, we can consider the
class of minimum distance (MD) estimators, including the classical minimum distance (CMD) estimators. For CMD,
gn(0) = sn — s(0), where s(0) typically consists of structural parameters or “predictions”under the model, and s, is
a vector of sample statistics or reduced-form estimates. In the CMD setup, (2) implies that the “moment matching”
or “mapping” E[s,] = s(8) does not necessarily hold for all values of 6 (or in the limit, lim, o E[s, — s(6)] # 0).




for some known function v;(0) = v(X;, ). When v;(8) = g:(6) or v;(0) = gi(8) — gn(6), the resulting
estimator is the efficient GMM.
The one-step estimator minimizes the criterion function using the weight matrix W, (¢) = W),

that does not depend on any unknown parameter:

51 = arg min g, (0) W,gn(0), (4)
0

_ -1 .
where we can construct Wy, = (n ! 2?21 vivg) , i = v(Xj;). The one-step estimator converges to

the pseudo-true parameter 6y defined as the solution to the population analog of (4),

o = arg min 9(0) Wy(), (5)

where W,, & W > 0. Using 01 as an initial value, the two-step estimator is given by

Oy — arg min J,, (0, 51),
0cO

and the s-step estimator for s > 2 is

~ ~

0s = argmin J,,(0,05_1). (6)
0cO
Conventionally, the efficient GMM is obtained by setting s = 2 (two-step efficient GMM) with
vi(0) = gi(0) or v;(0) = gi(6) — gn(6). Note that any s-step estimator for s > 2 with the same
form of the weight matrix is efficient under correct specification. In practice, however, the efficient
s-step point estimates can change considerably across steps.

The iterated GMM estimator is an alternative to the s-step estimators, overcoming their ar-
bitrariness. Hansen, Heaton, and Yaron (1996) investigate the finite sample properties of the
iterated GMM, while Hansen and Lee (2021) formally establish its asymptotic properties, allowing
for moment misspecification. The iterated estimator is defined as the limit of the sequence:

6 = lim 6. (7)

S§—00

Alternatively, the iterated estimator can be viewed as a fixed point. Define the mapping:

0,,(¢) = arg min J,, (6, ¢). (8)
0cO

Then, the limit (7) satisfies the fixed-point equation:

0,(0) = 0. 9)



Define the population GMM criterion function

J(0,0) = g(0) W (#)g(8), (10)
W(g) = (% Yoy E[vi(gb)vi(@’])_l. Also define the population analog of the mapping (8):

0(¢) = argmin J (6, ¢). (11)
0O
Under correct specification, Hansen and Lee (2021) show that 6(¢) = 6y, V¢ € © where 6 is the
true value that satisfies the moment condition. Under misspecification, however, 8(¢) varies with
¢ in general. This is also pointed out by Hall and Inoue (2003), who showed that the one-step and
two-step GMM estimators have different limits under misspecification.
The iterated GMM pseudo-true value 6y does not depend on ¢, even under misspecification. It

is defined as the fixed point that solves:

0y = argmin J(0, 6). (12)
0cO
In other words, 0(6y) = 6y.

Below, we provide examples of nonsmooth moment functions covered in this paper.

Example 1 (Dynamic censored regression). Honoré and Hu (2004) consider the estimation of a
censored regression model with lagged dependent variables in panel data. Consider the following

simple dynamic censored panel regression model:

yir = max(0, yi—10 + oy + €i¢)

where y;; is the variable of interest, «; is the individual fixed effect, and {sit}thl is a sequence
of i.i.d. random variables conditional on (y;o, ;). To estimate the parameter 6, Honoré and Hu

(2004) propose the moment conditions:

9i2(0)
algo) =& | #* (13)
gir(0)

where g;¢(0) = max{0, yit — yit—10} — vir—1 = Hyit > vie—10} (it — Yit—10) — ysr—1 for t =2,...,T,
with 7" > 3. Under correct specification, the GMM estimator is consistent for the true parameter
satisfying the moment conditions: E[g;(fp)] = 0. However, moment conditions can be misspecified,
for example, due to incorrect lag specifications or the presence of heterogeneous effects.

Theorem 1 in Honoré and Hu (2004) establishes the consistency and asymptotic normality of
the GMM estimator based on the moment conditions (13). Their proof follows from Theorem

3.3 of Pakes and Pollard (1989), which assumes correct specification of the moment conditions.



Furthermore, Theorem 3.3 of Pakes and Pollard (1989) considers the identity weight matrix in the
criterion function. However, the limiting distribution in our Theorem 1 differs from theirs under
moment misspecification, even when W,, = I, as our asymptotic variance includes additional terms.
To ensure inference is robust to potential model misspecification, a non-trivial extension of Pakes
and Pollard (1989) with a general random weight matrix W, is required, which will be presented

in the next section.

Example 2 (Quantile regression with endogeneity). Machado and Santos Silva (2019) consider a
conditional location-scale model and estimation by GMM. Unlike the standard quantile regressions
(e.g. Koenker and Bassett (1982)) which minimize a quantile-specific loss function, Machado and
Santos Silva (2019) estimate the location and scale parameters based on the mean and absolute
deviation of the moment conditions, and then estimate the quantile function imposing a specific
location-scale structure. It is not a direct conditional quantile estimator (such as Instrumental
Variable Quantile Regression (IVQR)), but it has been used by practitioners to gain computational
efficiency, especially in the panel fixed-effects model where there exists the incidental parameter
problems.

Machado and Santos Silva (2019) focus on the conditional location-scale model:
Y = X{B+ o(X{7)U; (14)

where Y; € R is the outcome variable, X; € R¥ is a vector of covariates (which can be potentially
endogenous), U; is an unobserved error term, and o(X’y) > 0 is a (known) scale function control-
ling how X; affects the dispersion of the distribution of Y; beyond its location. (14) implies the

conditional quantile function as
q(X;,7) = XiB + o (Xiv)q(7) (15)

where ¢(7) is the marginal quantile of U;, such that P(U; < ¢(7)) = 7, where 7 € (0,1) is the
quantile index. This implies P(Y; < ¢(X;,7)) = 7, and the effect of X; on the 7th quantile of the
conditional distribution of Y; given X, referred to as the regression quantile coefficient, is defined as
a(r) = (0/0X;)q(X;, ), which is typically the main object of interest. This model, with a general
scale function o(-), allows for nonlinear quantile effects.

They further assume that instruments Z; € R™ (m > k), potentially including exogenous re-
gressors from X, are independent of U;, which implies P(Y; < ¢(X;,7)) = P(Y; < ¢(Xi,7)|Zi) = 7.
Then, they estimate ¢(X;,7) by identifying the parameter = (3’,7')" € R?* based on the mo-
ment conditions E[U;|Z;] = 0 and E[|U;||Z;] = 1. They propose the following estimation procedure
(GMM-Quantile Regression, hereinafter GMM-QR):

~

é\: (5,7/’77,)/ = arg min gn(e)/ann(e)a
0



where the moment function ¢;(6) = g(X;, Y;, Z;, 0) is given by

Z:U;
Z; (|U;] = 1)

_ Y- XiB

wo= O )

and W, is a positive definite weight matrix that does not depend on any unknown parameter.
The approach of Machado and Santos Silva (2019) can be useful for estimating the structural

quantile functions defined by Chernozhukov and Hansen (2006, 2008), as GMM estimation in

IVQR models can be computationally challenging due to the need for non-smooth and non-convex

optimization of the GMM criterion function.?

Additionally, the location-scale model structure
ensures that structural quantiles do not cross (e.g., He, 1997).

However, the simplicity and tractability of the location-scale model suggest that the moment
conditions used in Machado and Santos Silva (2019) may be subject to misspecification. If the true
DGP is not location-scale, the “quantiles” generated by GMM-QR will be misspecified, whereas
the traditional QR would still give the best linear approximation to the true conditional quantile.
Kaplan (2022) finds that point estimates using GMM-QR, 2SLS, IVQR, and smoothed IVQR can
differ significantly (although they yield qualitatively similar interpretations) and suggests that this
may be due to misspecification of the location-scale model. Therefore, it is important to conduct
inference that is robust to potential model misspecification.

If the location-scale model is misspecified, the pseudo-true value of the location and scale

parameters 0y = (35,74) € R?* is defined as

0o = arg min g()'Wg(0),
0

where g(0) = E[g,(0)], and W,, £ W > 0. The GMM-QR estimand is statistically well-defined and
can be interpreted as “the best location-scale parameter” in the sense that it minimizes the distance
between the data and the moment conditions from the location-scale model, coinciding with the
true value under correct model specification. The ultimate objects of interest are the conditional
quantile function ¢o(X;,7) = X/Bo + 0(X/70)qo(7) and the regression quantile coefficient, which
are smooth functions of 6.3 In Section 5, we provide the asymptotic distribution theory of the
GMM estimators in Machado and Santos Silva (2019) that is robust to misspecification of the

location-scale structure.

2See Chen and Lee (2018), Zhu (2019), and Kaido and Wiithrich (2021) for recent developments in computational
methods for IVQR-GMM estimation. See also Chernozhukov, Hansen, and Wiithrich (2018) for a review of the
IVQR literature. Alternative computational methods for IVQR models include the quasi-Bayesian approach of
Chernozhukov and Hong (2003) and the Inverse Quantile Regression (IQR) procedures of Chernozhukov and Hansen
(2006, 2008), among others.

SWiithrich (2020) investigates the IVQR. estimand when some underlying IVQR, assumptions (e.g., rank similarity)
are violated under binary treatments and binary instruments in the just-identified setting. In general, characterizing
both IVQR and GMM-QR estimands in over-identified models under moment misspecification is challenging.



3 Asymptotic Normality

In this section, we provide the asymptotic distribution of the estimator 9 while allowing for
misspecification. To do so, we first list and discuss the conditions required to ensure asymptotic
normality.

The following assumptions are presented in a unified framework to accommodate different GMM
estimators. For the one-step estimator, we use the weighting matrix /Wn = W,,, where W,, =
(n_l Sy vivg)_l 5w > 0, and the pseudo-true value 0y is defined as the minimizer of the
population one-step GMM criterion defined in (5). For the iterated GMM estimator, we use /Wn =
W, (8), where W, (6) = (n 1y, vi(0)vi(0)’)_1, and W(0) = (n=1 Y0 E[vi(0)v;(6)']) " for some
known function v;(6) = v(X;,0). We define W = W (6y), where 6 is the minimizer of the population
iterated-GMM criterion in (12).

Assumption 1.

1. 8y is a unique minimizer of the population GMM criterion and in the interior of the compact

parameter space ©.

2. Let g(0) = Elgn(0)]. g(0) is twice differentiable at 6y with derivatives G = G(0y) and F =
F(6y), where G(0) = %g(@) and F(0) = %vec(G(@)’). vec (W(0)™1) is differentiable at 6y
with derivatives S = S(60y) where S(6) = % vec (W(6)71).

3. infyeo Amin(W(¢)) > C > 0 for some constant C where Apin(-) denotes the smallest eigen-
value.

4. 90(0) Waga(8) < infoco 9n(0) Wagn(0) + op(n™").

5.8 6.

6. For any 0,, — 0 there exists G, such that

sup V1lgn(0) = gn(60) — (9(8) — g9(6b)) — (G — G)(0 — 6h)

| »
= 0.
110—60||<6n 1160 — 6o]|(1 + v/nl[0 — 6o|)

7 ||Gn = G| = 0p(1),

gn(6o) — g(0o) 0 ¥ AT
V| (Wa(6o) — W)g(6o) 4N o1, AN ¢ T
(G — GYWy(60) 0 roYoE

Except for Assumption 1.6, the conditions are standard in the literature. Specifically, they
correspond to the conditions in Theorem 7.2 of Newey and McFadden (1994). Assumption 1.1 ex-

tends their Conditions (i) and (iii), allowing for moment misspecification. The correct specification



assumption of the moment condition in Theorem 7.2 of Newey and McFadden (1994) is removed,
and the pseudo-true value is defined as the unique minimizer of the corresponding GMM criterion.

Assumption 1.2 is a slight strengthening of their Condition (ii). The last part, requiring differen-
tiability of vec (W(H)_l), is specific to the iterated GMM estimator. Note that the differentiability
of the moment function is generally much stronger than the differentiability of its expected value.

Assumptions 1.3-1.5 correspond to the hypotheses of Theorem 7.2 of Newey and McFadden
(1994). For one-step GMM, Assumption 1.3 reduces to W > 0.

Assumption 1.7 aligns with the condition in Theorem 2 of Hall and Inoue (2003) to establish the
asymptotic distribution of the GMM estimator under misspecification. Notably, when g(6p) = 0
(correct specification), Assumption 1.7 simplifies to /ng,(6o) 4 N (0,%), which corresponds to
Condition (iv) of Theorem 7.2 of Newey and McFadden (1994). Assumptions 1.5 and 1.7 can be
replaced by primitive conditions. If the moment function g(z, #) is Lipschitz at 6y and differentiable
with probability one, i.e., there exists A(x,6p) and r(z,8) = [g(z,0) — g(x,0p) — A(x,00)(0 —
00)]/110 — 6o||, then the joint CLT in Assumption 1.7 reduces to the standard multivariate CLT
for the triple (g(Xi,00), Wv;(00)vi(00)' W g(6o), A(X;,60)Wg(6p)). This holds under the moment
conditions E[||g(X;, 00)||%] < oo, E[||vi(0)||*] < oo, E[||A(X;, 00)]|%] < oo.

3.1 Stochastic Differentiability Condition

Assumption 1.6 (the stochastic differentiability condition) deserves further discussion. Under
the very mild condition ||G,, — G|| = 0p(1), Assumption 1.6 implies the usual stochastic equiconti-
nuity condition:

vl[9n(8) = gn(bo) = (9(6) = 9(G0))Il »,

-0l <5, Ll = 6ol

for any d,, — 0. This is analogous to condition (v) of Theorem 7.2 of Newey and McFadden (1994)
and condition (iii) of Theorem 3.3 of Pakes and Pollard (1989), except that we require centering
due to misspecification because g(6p) # 0. For the GMM model, where g,,(0) = n~t > | g(X;,0),
this stochastic equicontinuity condition holds under mild regularity conditions (Andrews (1994),
Newey and McFadden (1994, Theorem 7.3)).*

Assumption 1.6 is analogous to the stochastic differentiability condition considered in Pollard
(1985) and van der Vaart and Wellner (1996). Pollard (1985) defines that the function g(-,6) :
R — R is stochastically differentiable at 0y if it admits the following decomposition with a k x 1

vector-valued function A(x) that depends only on z, and a remainder term r(-,6):

g(x,0) = g(x,00) + A(z)'(0 = bo) + |0 — bolIr(z, 0),

for which
n 230 ||r(Xi,0) — E[r(X,,0)]]] 2

sup

Un 1+ /n||6 — 6ol|

4In Lemma 1 in the Appendix, we provide a primitive condition for the stochastic equicontinuity condition without
assuming correct specification g(fo) = 0.

10



for each sequence of balls U,, that shrink to 8y as n — oo.

Now, it is worth discussing primitive conditions under which Assumption 1.6 holds for GMM
where g, (0) =n~t > | g(X;,0). If the moment function g(x, #) admits a linear approximation near
0o, i.e., there exists A(x,0p) (not necessarily a pointwise partial derivative) and r(z,0) = [g(z, 6) —
g(x,00) — Az, 00)(0 — 60)]/]|0 — 6|, then Assumption 1.6 holds with G,, = n=1 > | A(X;, 6p),
and G = E[G,,] = E[A(X}, 6p)] when

Villn Tt S (X3, 0) — ER (X 0]l (16)

sup
110—00]|1 <60 1+ /n||6 — 6o||

Equation (16) is a version of the stochastic differentiability condition defined in Pollard (1985).
Furthermore, the condition (16) is essentially a stochastic equicontinuity condition for the re-
mainder term 7(-,6), as in Pollard (1984, 1985) and van der Vaart and Wellner (1996, Lemma

3.2.19). Therefore, the stochastic differentiability conditions hold when {r(-,0) = g(.’9)79(.,7?)0):9?‘({’90)(9790) :
||@ — 6o|| < 0} is a Donsker class for some § > 0. This is a very weak condition on the function
class, and many papers in the empirical process literature discuss that it holds in various relevant
cases; see, for example, van der Vaart and Wellner (1996) and Chernozhukov and Hong (2003).
Pollard (1985) provides detailed examples by verifying the stochastic differentiability conditions
using empirical process techniques such as the bracketing method and combinatorial method.

If twice continuous differentiability holds, then Assumption 1.6 automatically holds with G,, =
n~tS (8/00")g(Xi,00) and G = E[G,). The existence of G, in Assumption 1.6 requires some
form of differentiability; however, it is not necessarily a pointwise partial derivative. In the definition
of directional differentiability (in the sense of Gateaux), one would still require the existence of a
continuous map A(-,6) such that the remainder term is small. In the stochastic differentiability
condition, it suffices that the remainder term be small in an average sense.

In CMD, where the sample moment condition is given by g, (6) = s, — s(6), which is linearly
additively separable, this condition is automatically satisfied because G,, = GG, and the asymptotic
variance of GMM includes only variation in the weight matrix Wn

We now provide examples where we can verify Assumption 1.6. Examples 1 and 2 in Section 2
satisfy the conditions in Assumption 1.6 but not the stronger continuous differentiability conditions.
Example 1 in Section 2 considers the dynamic censored panel regression model in Honoré and Hu
(2004). For t =2,...,T with T' > 3, we first consider each moment function

g’it('a 0) = maX{O7 Yit — yit—le} — Yit—1, 0 S Ra

and then apply the same idea to the stacked moment conditions in (13). We define

rir(-,0) = Hyit > yie—10}(yie — yir—10) — Hyie > yir—100} (Yir — yir—160) + (6 — 00)yie—1 1yt > yir—10}
3 ) |0 _ 90| *

Under mild moment conditions (Esup, |yi|* < 00), |ri(-,6)| is uniformly bounded when 6 is in a

11



bounded support, and the envelope function supy |r;(-,#)| has a finite second moment. Using the
combinatorial method (Vapnik and Chervonenkis (1971)), similar to the example in Pollard (1985)
on the MLE of the location parameter of the double exponential function, it is straightforward to
verify that the remainder functions form a polynomial class. It follows that ru(-,6) satisfies the
stochastic differentiability condition (16).

We will formally verify the conditions for Example 2 in Section 5.

3.2 One-step GMM

Now we derive the asymptotic distribution of the one-step GMM estimator.

Theorem 1. Suppose that Assumption 1 holds for the one-step estimator 9 with /Wn =W, in (4)
and by defined in (5). If H=G'WG + (g(60)'W ® I,)F is nonsingular, then

V(0 —00) % N0, HQH™)

where @ = GWEWG + GWAG + GANWG + GVG+GWI +T"WG + G YT+ TG+ E.

Theorem 1 extends the results in Pakes and Pollard (1989, Theorem 3.3) and Newey and Mc-
Fadden (1994, Theorems 3.2 and 7.2) to a setup where the moment conditions may be misspecified.

Under correct specification, where g(6y) = 0, the asymptotic variance simplifies to
(G'WG)1GWEWG(G'WG) ™1,

which is the standard formula in Hansen (1982) for smooth functions and in Pakes and Pollard
(1989) and Newey and McFadden (1994) for potentially nonsmooth functions. Theorem 3.3 in Pakes
and Pollard (1989) and Theorem 7.2 in Newey and McFadden (1994) explicitly assume g(6g) = 0.
Under general misspecification, where g(#) # 0 for all § € ©, the asymptotic variance of GMM
differs from the conventional GMM variance formula by incorporating additional variation in the
sample Jacobian and the sample weight matrix.

The asymptotic distribution in Theorem 1 coincides with those in Hall and Inoue (2003) and
Lee (2014) but under strictly weaker conditions than those papers, which assume twice continuous
differentiability of g(x,8).

The asymptotic theory of one-step and two-step GMM under misspecification for the direc-
tionally differentiable moment functions has been studied in Hong and Li (2025, Theorems A.1
and A.3). Instead of the stochastic differentiability conditions considered in this paper, Hong and
Li (2025) consider different assumptions (their Assumption 2) for the stochastic equicontinuity of
the scaled-empirical process, similar to Kim and Pollard (1990). Furthermore, they assume global

Lipschitz continuity of the g(Xj, ), but we require only local Lipschitz continuity at 6p.
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3.3 Efficient GMM

Now, we consider the iterated GMM estimator, defined in (7). We derive the asymptotic
distribution of the estimator allowing for misspecification. Hansen and Lee (2021) establish the

existence of the fixed point (12) by showing that for some 0 < ¢ < 1 and for any ¢1, ¢2 € O,

16(61) — O(2)ll < cligr — o (17)

and thus a unique 6y that satisfies (12) exists by the Banach fixed point theorem. Sufficient con-
ditions are provided in Assumption 1 of Hansen and Lee (2021), which include our Assumptions
1.2-1.3, along with other conditions ensuring that the degree of misspecification is not too large.
Based on their result, we assume that the iterated GMM pseudo-true value 6y satisfies our As-
sumption 1.1.

For the iterated GMM estimator (9), Hansen and Lee (2021) show the existence of this limit
by assuming twice differentiability of the moment function. Below, we establish the existence
and uniqueness of the iterated GMM estimator with possibly nonsmooth moment functions. To
do this, we assume uniform convergence for the sample moment condition and the inverse of the

weight matrix.

Assumption 2.

1. supgeo llgn(8) — 9(0)I| = 0

2. supgep ||[Wan(0)™H =W (@)1 20

We can find primitive conditions for uniform convergence. For example, Assumption 2 holds
if (I){X;}, are i.i.d., (ii) E||g(X;,0)| < oo and E|v(X;,0)||* < oo, V6 € ©, and (iii) a Lipschitz
condition (W-LIP in Andrews, 1992) holds for g(X;,6) and v(X;,0)v(X;,0), respectively. For
clustered observations, Hansen and Lee (2019) provide primitive conditions for the uniform law of
large numbers in their Theorems 5 and 6. Since the main result of this paper applies to both i.i.d.
and clustered samples, we maintain Assumption 2 instead of listing primitive conditions.

The following theorem establishes the existence and uniqueness of the iterated GMM estimator

and its consistency.

Theorem 2. Suppose that Assumption 1.1 holds for 0(¢) defined in (11) for all ¢ € ©, and
Assumption 1.3 and Assumption 2 hold. Then for 6y defined in (12), R 0y as n — oo.

Next, we establish the asymptotic distribution of the iterated GMM estimator. For differentiable
moment functions, the standard asymptotic distribution of the iterated GMM estimator is obtained
by applying the first-order Taylor expansion in the sample first-order condition. However, this
approach is not possible for non-smooth moment conditions.

The asymptotic distribution results in Huber (1967), Pollard (1985, Theorem 2), and Newey
and McFadden (1994, Theorem 7.1) allow for an estimated weight matrix, requiring only its con-

sistency. Under correct specification, where g(6y) = 0, the estimation error in the weight matrix
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has no first-order effect on the asymptotic distribution, and the second derivative of the population
criterion function governs the limiting variance. Under misspecification, however, g(6y) # 0, and
the estimation of the weight matrix contributes to the asymptotic variance through terms involv-
ing the derivative of W (#) that no longer vanish when g(6y) # 0. The matrix H in Theorem 3
reflects this: it differs from the second derivative of J(6,60)/2 = —g(0)'W (00)g(0)/2 and includes
additional terms that vanish under correct specification.

Let v, (0) =n~ 130 0(X,0)v(X;,0), and v(0) =n~t S0 | Elo(X;,0)v(X;,0)].

~

Theorem 3. Suppose that Assumption 1 holds for the iterated GMM estimator 0 with Wn = W,(0)
in (7) and 6y defined in (12). We further assume that, for any o, — 0,

Vl[vn(0) = va(bo) — (v(0) = v())l| »,

sup
110—80||<0n L+ /n||0 — 6ol|

If H=G'WG + (9(60)W ® I,)F — (g(60)'W @ G'W)S is nonsingular, then,

~

V(@ —60) 5 NO,H'QH )

where Q = GWEWG + GWAG + GANWG + GVG+GWI +T"WG + G YT+ TG+ E.

For the iterated GMM, we additionally require that v,(0) = W,(0)~! satisfies a stochastic
equicontinuity condition in addition to Assumption 1.6. The stochastic equicontinuity condition on
vp,(0) holds when the class {v;(0) : |0 —6o|| < d} is a Donsker class with Efsupjg_g,|<s l|v: (0)]]4] <
00, since Donsker classes are preserved under the products rule (van der Vaart and Wellner (1996)).
When v;(0) = g(X;,0) is Lipschitz in 6 at 6y, the product v;(0)v;(0) is also Lipschitz. Lipschitz
function classes with square-integrable envelopes are Donsker, which implies the required stochastic

equicontinuity.

4 The Asymptotic Variance and the Bootstrap

For inference robust to moment misspecification, the covariance matrix of the GMM estimators
needs to be estimated. We can directly estimate the variance matrix by plugging in the estimates
of H and €2 from Theorems 1 and 3 using standard numerical derivatives. See Appendix B for
implementation details.

In some applications, however, variance estimation can be complicated. For example, in quantile
regression with endogeneity, where ) depends on conditional density functions, nonparametric
density estimation is required. A popular alternative is to use bootstrap methods to construct
confidence intervals, similar to the standard quantile regression literature (e.g., Buchinsky, 1995;
Hahn, 1995).

Existing results for the first-order validity of the bootstrap for nonsmooth GMM assume correct

specification, such as Proposition 1 of Hahn (1996). Below, we establish the first-order validity of
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the bootstrap under moment misspecification. Therefore, one can use critical values from the
bootstrap distribution of the GMM estimators to conduct tests and construct confidence intervals.
Let { X7} ; be drawn randomly with replacement from the original data {X;}" ;, and let g;;(6)
be the same sample moment condition as g,(#) but based on the bootstrap data, so that g} (6) =
nt o, g(X/[,0). Hereinafter, the superscript * denotes a probability or moment computed under
the bootstrap distribution conditional on the original data {X;}7 .
We define the bootstrap GMM criterion function:

Tn(0,0) = g,(0) W5 (¢)g5,(0), (18)

where the weight matrix W(¢) is based on the bootstrap data with the initial value ¢.
The bootstrap estimator for the one-step GMM is

0 = arg min g;(0)' W, g2 (0). (19)
0

where W (¢) = W, does not depend on any unknown parameter. Using gf as an initial value, the

two-step estimator is 5;‘ = argmingcg J;i (6, /0\1‘), and the s-step estimator is

: = argmin J3 (0,07 ). (20)
6co

The bootstrap estimator for the iterated GMM is the limit of this sequence

0 = Slggo 0. (21)
Define the mapping
0,(¢) = argmin J; (6, ¢). (22)
0O

Then, the limit (21) is a fixed point of the equation
0:(6%) = 6*. (23)

We show in the following theorems that the conventional nonparametric bootstrap consistently
estimates the asymptotic distribution of \/5(5— o), and thus provides valid asymptotic coverage
probabilities of the bootstrap percentile confidence intervals. A word on notation: Q and L5
denote convergence in probability in probability and convergence in distribution in probability,
respectively. In addition, we write & = op-(1) if & 2 0 and & = Op+(1) if & is bounded in
probability, in probability.

Theorem 4. Suppose that the data {X;}]", are i.i.d. and Assumption 1 holds for the one-step
estimator 0 with Wn = W, in (4). In addition, assume that the following conditions hold for the

bootstrap estimator 0% = Ai‘ in (19);
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1. gi(B*YWrgn(6%) < infeco g5 (8) Wyigi(0) + of(n1).
2. ¢ 5 g,
3. For any 6, — 0,

wp V9E6) ~ G2 (B0) — (90(6) — 9u(80)) ~ (G — Gu)(O — 60)

H p*
= 0.
110—00|<6n 1160 — 6o]1(1 + /1[0 — bol|)

Then,

~ ~

V@ —8) L N, H QY
where Q) and H are defined in Theorem 1.

Theorem 4 establishes the validity of the standard nonparametric bootstrap without recentering.
Hong and Li (2025, Theorems A.2 and A.4) establish the validity of a different, rate-adaptive
bootstrap procedure that requires recentering and estimation of the Jacobian and Hessian in each
iteration. For the class of functions we consider, our result shows that the simpler, standard
nonparametric bootstrap suffices.

Condition 3 is a bootstrap stochastic differentiability assumption analogous to Assumption
1.6. Condition 3 holds under the same conditions as Assumption 1.6 when G, consists of sam-
ple averages. For example, as discussed in Section 3.1, Assumption 1.6 holds if the remainder
functions {r(-,0) : ||6 — 6y|| < ¢} is a Donsker class for some § > 0, and thus satisfies the
stochastic equicontinuity condition (equation (16)). If g(X;,#) is Lipschitz in € near 6y, then
the class {r(-,8) : ||0 — 0yg|| < &} has a finite bracketing entropy (e.g., Pollard (1985), van der
Vaart and Wellner (1996)), which implies the Donsker property, provided the envelope is square-
integrable, i.e., E[supg_g,||<s |7(X;,0)?] < co. Then, under the same conditions that give As-
sumption 1.6, Condition 3 follows from Giné and Zinn (1990), who show that the CLT and the
bootstrap CLT are equivalent (in probability) for Donsker classes. No additional envelope con-
ditions are needed for the bootstrap beyond those already required for Assumption 1.6. Hong
and Li (2025) impose an extra envelope integrability assumption (their Assumption 3) to ensure
bootstrap equicontinuity results. This is because they work with the localized empirical process
My (+,0,h) = nP[r(;0 + h/nY) — 7(+;0)], which is a different function class that changes with the
sample sizes n.

The next theorem establishes the first-order validity of the nonparametric bootstrap for the
iterated GMM estimator. With the same arguments as in Theorem 4, if {v;(#)} is Donsker, then
the bootstrap stochastic equicontinuity condition for v} (6) also holds with the same conditions

imposed as in Theorem 3.

Theorem 5. Suppose that the data {X;}I, are i.i.d. and Assumption 1 holds for the iterated
GMM estimator 0 with W, = Wn(é\) in (7). In addition, assume that the following conditions hold
for the bootstrap estimator 6* in (21),
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1. gi(B*YWr(0%)g5(6%) < infaco g5 (0) Wi (6¥)g5(0) + of(n1).
2. ¢ 5 g,.

3. For any 6, — 0,

wp VlIE(O) = 52(600) = (3,(0) = 9,(00) = (G = GO =0 v,
110—80]|<5n 116 — 6o|[(1 + v/nll0 — bo]])
" wp VAIUA(O) = vi00) = (0 0) = 0a 00D 1,
16—60l|<6n 1+ +/n[|0 = ol| '
Then,

-~ ~ d

V(@ —8) L N, H'\QH Y
where () and H are defined in Theorem 3.

Remark 1 (Just-identified representation). When the moment function g(X;, ) is pointwise dif-
ferentiable in 0, the over-identified GMM estimator admits a just-identified M-estimator repre-
sentation with augmented nuisance parameters for the Jacobian and the outer-product matriz; see
Imbens (1997). In this representation, the augmented moment conditions hold at the pseudo-true
value regardless of whether the model is correctly specified, so standard bootstrap results for just-
identified M-estimators apply directly. This representation is no longer available in the nonsmooth
case, because the Jacobian 0g(X;,0)/00" cannot be defined at the observation level, and the GMM
estimator is instead characterized by minimization of the criterion function. Our approach works

directly with the criterion function expansion, which does not require pointwise differentiability.

5 Quantile Regression with Endogeneity

We consider the following conditional location-scale model of quantile regression, as introduced
in Koenker and Bassett (1982):
Y; = XiB + o(Xi7)Ui, (24)

where Y; € R is the outcome variable, X; € R* is a vector of covariates (which can be potentially
endogenous), U; is an unobserved error term, and o(X’y) > 0 is a known function. We explore the
properties of the GMM-QR estimator proposed in Machado and Santos Silva (2019):

0=(3,7) = arggmin 9n(0) Whgn(0), (25)

based on the moment function g,(0) = n=* 3" | ¢;(0), where g;(0) = 9(X;, Y, Zi, 0) = (Z;U;, Z:(|U;|—
1)) with instruments Z; € R™ (m > k). The weight matrix W,, is a 2m x 2m positive definite

-1

matrix of the form (n™1 Y7, v;v/)71. Common choices for v;v! include the identity matrix and
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Z;Z!, where Z; is the instrument vector. The default choice for W, in the Stata command ivqreg2
is the identity matrix.
Since the moment conditions used in Machado and Santos Silva (2019) are based on the nor-

malization of the unobserved random variable U;, they may be subject to misspecification, i.e.,

ez (5RD)
Elgn(0)] = ~ ;E 2 ( ?(;%)ﬁi”_ ) £0, V0 € ©. (26)

Under the misspecified model (26), we define the pseudo-true value of the location and scale

parameters 0y = (3),74)" € R? as:

0o = arg min g(0)'Wg(0), (27)
0

where g(6) = E[g,(0)], and W,, & W > 0.5 Given (8o, 70), we define go(7), the marginal quantile
of U;, such that P(U; < qo(7)) = P(U; < qo(7)|Z;) = 7, which satisfies the following moment

condition:

E {T 1 <m < qo(r)ﬂ 0, (28)

where 7 € (0,1) is the quantile index. As in Chernozhukov and Hansen (2006), we are interested
in the conditional quantiles that satisfy P(Y; < qo(X;,7)|Z;) = 7. Given the location-scale model,

we define the structural quantile function as:
90(Xi, 7) = X;Bo + o(X{70)q0(7),
and define the regression quantile coefficient as ap(X;, 7) = %ﬁé’ﬂ = Bo+ ' (X]7)v0q0(T), where

o'(z) = do(x)/0z.
Given the GMM-QR estimator § = (B’ ,7") in (25), q(7) is estimated by the sample moment

function of (28):
1y Y, - X}8
— 1 /= <7
> [ ( XA = q“))

or by the 7th quantile of the standardized residuals U; = (Y; — Xl’g)/a(Xﬁ) The structural

quantile function is estimated as:

=0, (29)

Q(Xi,7) = XIB + o(X/7)q(7). (30)

% Although Machado and Santos Silva (2019) only consider the one-step estimator with W, = Ia,, the iterated
GMM estimator can also be obtained by iterating the s-step estimator with the efficient weight matrix W, (¢) until
convergence. The iterated GMM pseudo-true value 6y is similarly defined as in (12).
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The following theorem shows the joint asymptotic distribution of the one-step GMM-QR esti-

mator § under moment misspecification.
Theorem 6. Consider the model (24) with a sample of i.i.d observations {Y;, X;, Z;}I' . Suppose
that the following assumptions hold.

1. Oy is a unique value in the interior of the compact parameter space © C R?*.

2. The random wvariable U; is independent of Z;, and has a continuous density function fy(u),
and the cumulative distribution function Fy(u). fu(u) is bounded away from 0. For some

e >0, [limg(7), lim ¢(7)] is bounded 7 € T = (¢,1 — ¢).
limg(7) i q )] ( )

3. BUP, BIIXG P B[], B2 P, (1| 2:X1 1], Elo’ (X)), E[L/ o (X)) <

oo for some v > 0.

Then,
vn(
vn(
Vn(@(T) = qo(7))

B — Bo)
5

where Q@ = E(;1)),

)
L m[T—l(Uiﬁqo(T))] ’

H :G/WG + (9(00)’W & IQk)F,
m; =G'Wgi(0o) + Gi(00) W g(0y) — G'WouiWg(6y),

2,YXi8
gi(0) = v o
Zi(|veeir| 1)
Gi(0) = @Zi(é (X! ;(sz @/ ;
~stmen (e ) 24Xt TR P sen (G ) 4

sgn(z) = H{x > 0} — 1{z < 0} is the sign function, G = G(0y) with the population Jacobian
G(0) = E[Gi(0)], W = E[vl]™t, and F = F(6y), F() = %vec(G(ﬂ)’), provided that H is
nonsingular.

Theorem 6 extends the result in Machado and Santos Silva (2019) to allow for potential moment

misspecification. Under correct specification, where g(6y) = 0, the asymptotic variance Q = E(¢);¢)
simplifies to:
by ( (G'WG)1G'W g:(6y) >
T\ el -1 < @) )
Furthermore, under the just-identified model (k = m), the asymptotic variance does not depend on
the weight matrix and reduces to the formula in Theorem 5 of Machado and Santos Silva (2019).
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Inference about the regression quantile coefficient can be performed using Theorem 6 and the
delta method. For example, in the linear case when o(-) is the identity function, the regression

quantile coefficient is &(7) = 3 + 34(7), and we have:
V(@(r) — ao(r)) % N(0, AQA'), (32)

where A = (Iyxr  qo(T)Ikxk 7o) is a k x (2k + 1) matrix. The misspecification-robust variance

estimator of a(7) can then be obtained from (32):

S@(r)) = AQA,
= (Iexe  @(T)Ikxk ),

LN o ﬁ_lﬁli
;wiw’ " ( o~ e <A > |

NS §>

)
I

BN

S

where:

H=GW,G + (gn(0)W, & Ip)) F,

mi = éanQz(é\) + Gz(é\)/WnQn( ) - é/WnUivz{ann(é\)'

The derivative matrices (A?, F can be estimated using standard numerical derivative methods, as

described in Appendix B. We use the standard kernel density estimator for fi(-):

foam) = por (47)).

where K(-) is a kernel function and h, is a bandwidth satisfying h, — 0,y/nh, — oo. We
use the Hall-Sheather (1988) bandwidth for h,, which is the standard choice for kernel density
estimation (e.g., Koenker 1994). The standard error is obtained by taking the diagonal elements
of \/ Ve (@(7)) /1.

For the iterated GMM estimator, the standard error is constructed in the same way using
Theorem 3, with:

~ ~ ~ ~

H = @/Wn( )@ + (9n(0) Wi (0) ® IQk)F\ — (g2 () Wy(0) ® éIWn(é\

where @, F , and S can be estimated using numerical derivative methods.

Similar to the standard quantile regression literature (e.g., Hahn (1995) and Buchinsky (1995)),
we can avoid nonparametric density estimation by using bootstrap methods, as discussed in Section
4.
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6 Simulation

In this section, we investigate the finite sample performance of the GMM-QR estimator and the
misspecification-robust asymptotic and bootstrap standard errors under both correct specification
and misspecification. We consider the following simple location-scale model, as introduced in

Section 5:
yi = Po + B1Di + (vo + 11 Di)us,

where D; is a scalar endogenous variable. The instrumental variables are Z; = (214, 22;, 23;)" and

fON IS s — [ ¥i=Bo=B1D; ) i—Bo—B1D;
the moment function is g;(3,7) = (ZZ (%) , Z; ( y%fr’ﬁ - 1))

The data-generating process (DGP) allowing misspecification is

yi = Bo + B1D; + 0(z15 — 22i) + (0 + M1 Di)wi,
D; = ®(z1; + 22; + 23i + vi),

U 0 1 0
o (3)x((2) 2]

We set the location and scale parameters as (8o, 51) = (—1,1) and (y0,71) = (1,1). The number
of observations is set to n = 500, 1000, and we consider the quantiles 7 = 0.5,0.7,0.9 with 10, 000
Monte-Carlo simulations.

Here, § controls the degree of misspecification, and we vary § € {0,0.1,0.2,0.3}. When § = 0,
the model is correctly specified, and we can write the structural quantile function in the form:
q(Di, ) = no(T) + (1) Dy, where 1o(7) = Bo+0F, (1) and ao(7) = p1 + 1 F, ' (1), with F, (1)
being the inverse CDF of the unobservable u; evaluated at 7. The parameter § controls the degree

of misspecification by allowing for the violation of the exclusion restriction on the instruments. For

540,
yi_BD_BlDi>:| [ Zli_Z2i:|
E|z (V-0 =0 )| R |z, 222 )
[ < Yo +1D; Yo + 11 D; 7

so the moment condition fails to hold.

The mean and the standard deviation of GMM-QR . estimator for regression quantile coefficient
ap(7) are computed in Tables 1 and 2. We consider the one-step GMM (a1 (7)) and iterated GMM
(a(r)) estimators, and report the means of the conventional (heteroskedasticity-robust) standard
errors (se a(7)) and the misspecification robust standard error (sey,, a(7)).

Tables 1 and 2 show that the proposed misspecification-robust standard errors are consistent
under misspecification (§ # 0), and remain accurate even under correct specification (6 = 0) for
almost all cases across 7. The means of robust standard errors (se,,, a(7)) are very close to the
standard deviations (sd a(7)) for all values of 4. The conventional standard error is not consistent
and severely downward biased under misspecification, and this bias increases with §. Furthermore,
the iterated GMM estimator tends to have smaller variance than the one-step estimator. Hansen

and Lee (2021) provide a heuristic argument of the variance reduction due to the contraction
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0 (degree of misspecification) 0 0.1 0.2 0.3

T=05 ay(r) 1.0021 0.9992 1.0016 0.9983
sd &y () 0.2190 0.2251 0.2455 0.2792
se &1 (1) 02107 0.2119 02151 0.2208
Semr 01 (T) 0.2141 0.2206 0.2399 0.2721
a(r) 1.0013  0.9995 1.0008 0.9991
sd a(r) 0.2211 0.2266 0.2426 0.2738
se &(r) 0.2082 0.2094 0.2123 0.2176
Semr A(T) 0.2142 0.2192 0.2360 0.2620
T=07 ay(r) 15260 1.5077 1.4677 1.4019
sd a1 () 0.2345 0.2412  0.2650 0.3000
se &1 (1) 0.2268 0.2282 0.2318 0.2385
Semr O1(T) 0.2308 0.2383 0.2606 0.2967
a(r) 15252 15203 15166 1.5052
sd a(r) 0.2366 0.2419 0.2588 0.2893
se &(7) 0.2236 0.2249 0.2282 0.2339
Semr A(T) 0.2297 0.2348 0.2510 0.2788
7=09 a(r) 2.2808 22405 2.1396 1.9852
sd a1 () 0.3037 0.3114 0.3476 0.3922
se &1 () 0.2980 0.2992 0.3038 0.3132
Semr O1(T) 0.3044 0.3152 0.3473 0.3975
a(r) 2.2797 22710 22594 2.2355
sd a(r) 0.3059 0.3094 0.3297 0.3620
se &(7) 0.2926 0.2942 0.2988 0.3062
Semr A(T) 0.2989 0.3046 0.3238 0.3541

Table 1: Monte Carlo Results for Quantile Regression: n = 500

property of the iteration mapping.
The simulation results show that the proposed misspecification-robust standard errors approxi-

mate the standard deviations of the GMM-QR estimators well regardless of model misspecification.
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0 (degree of misspecification) 0 0.1 0.2 0.3

T=05 ay(r) 1.0002 1.0002 0.9985 0.9981
sd @1 (7) 0.1535 0.1583 0.1735 0.1969
se @1 (7) 0.1498 0.1506 0.1528 0.1567
Semy Q1 (7) 0.1511 0.1555 0.1690 0.1921
a(r) 1.0002  1.0001 0.9982  0.9976
sd a(r) 0.1543 0.1580 0.1708 0.1911
se a(7) 0.1489 0.1496 0.1518 0.1555
Semy A(T) 0.1510 0.1548 0.1661 0.1857
T=0.7 a(r) 15241 1.5077 1.4653 1.4016
sd @1 (7) 0.1660 0.1715 0.1850 0.2119
se a1 (7) 0.1608 0.1616 0.1643 0.1688
Semy Q1 (7) 0.1623 0.1676 0.1831 0.2086
a(r) 15241 15211 1.5168 1.5086
sd a(r 0.1666 0.1706 0.1801 0.2015
se a(7) 0.1596 0.1605 0.1629 0.1670
Semy Q(T) 0.1618 0.1658 0.1772 0.1974
7=09 a(r) 22804 2.2424 2.1354 1.9807
sd @1 (7) 0.2144 0.2220 0.2462 0.2818
se a1 (7) 0.2098 0.2107 0.2139 0.2203
Semy Q1 (7) 02122 0.2199 0.2426 0.2778
a(r) 2.2809 2.2759 22591 2.2381
sd a(r 0.2149 0.2187 0.2328 0.2558
se a(7) 0.2080 0.2091 0.2124 0.2178
Semy Q(T) 02102 0.2143 0.2275 0.2500

Table 2: Monte Carlo Results for Quantile Regression: n = 1000

6.1 Finite Sample Coverage

We investigate the finite sample performance of the confidence intervals (Cls). We report
the coverage properties of the CIs based on the one-step and iterated GMM estimators, using
conventional (non-robust) standard errors and misspecification-robust standard errors. We also
report the coverage of bootstrap-based Cls.

Based on the same simulation setup described above, Table 3 reports the nominal 95% coverage
properties of the following ClIs under varying degrees of misspecification and quantiles. The coverage
is for the pseudo-true value, which is calculated for each ¢ and 7. First, we report the coverage of

Clconv based on the conventional heteroskedasticity-robust standard errors (se(a(7))):
Clconv = [a(T) £1.96 x se(a(T))].
ClIyrg is based on the misspecification-robust standard errors (seprr(0(7))):

CIMR = [a(T) +1.96 x SeMR(a(T))].
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0 (degree of misspecification) 0 0.1 0.2 0.3

Clconv 0.9398 0.9316 0.9136 0.8766

7=0.5 Onestep Clyr 0.9434 0.9417 0.9419 0.9363
Clpoor—-pc 0.9501 0.9524 0.9569 0.9536

Clconv 0.9346 0.9244 0.9122 0.8795

Iterated Clyg 0.9382 0.9329 0.9342 0.9246
Clpoor-pc 0.9523 0.9505 0.9549 0.9502

Clconv 0.9382 0.9354 0.9123 0.8817

7=0.7 One-step Clygr 0.9422  0.9442 0.9413 0.9402
Clpoor-pc 0.9526 0.9517 0.9538 0.9547

Clconv 0.9304 0.9284 0.9128 0.8868

Iterated Clyr 0.9346 0.9384 0.9340 0.9278
Clpoor-pc 0.9513 0.9478 0.9544 0.9525

Clconv 0.9431 0.9377 0.9112 0.8874

7=0.9 Onestep Clyr 0.9470 0.9498 0.9459 0.9509
Clpoor-prc 0.9579 0.9553 0.9553 0.9645

Clconv 0.9378 0.9354 0.9189 0.9061

Iterated Clyr 0.9412  0.9425 0.9390 0.9382
Clpoor—-pc 0.9563 0.9524 0.9560 0.9553

Table 3: Coverage Probabilities of 95% Confidence Intervals (CI). Sample sizes n = 500
Clcony: CI based on the conventional GMM standard errors. CIysr: CI based on the
Misspecification-robust GMM standard errors. CIgoor—pc: The percentile bootstrap CI.

Finally, we report the coverage of the percentile bootstrap CI:

Clpoor-prc = [&8_025(7-), a5.975(7')]

where Qf go5(7) and af g75(7) are the 0.025 and 0.975 quantiles of the bootstrap distribution of
a*(r).6

We find that the coverage of Clcony falls significantly below 95% under misspecification (& #
0), and the coverage decreases as the degree of misspecification increases. Using misspecification-
robust standard errors for the one-step and iterated GMM estimators improves coverage when
the degree of misspecification is large. Finally, without direct density estimation, the bootstrap
percentile CIs (CIpoor—pc) perform well across different values of 7 and ¢, and exhibits excellent

coverage close to 95% in most cases.”

SSimulation results are based on 10,000 bootstrap replications using the warp-speed methods proposed in Giaco-
mini, Politis, and White (2013).

"We also investigated results for CIs based on bootstrap standard errors; however, they are not reported here for
brevity, as the results were overly conservative-coverage was nearly 99% in most cases. This finding aligns with the
theoretical results in Hahn and Liao (2021).
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7 An Illustrative Empirical Application: Demand for Fish

We illustrate our methods in an empirical application of estimating the demand for fish. We use
the dataset from Graddy (1995), which records transactions of whiting in the New York fish market.
This dataset has also been used in the quantile regression literature, including Chernozhukov and
Hansen (2008), Chernozhukov, Hansen, and Jansson (2009), and Chen and Lee (2018).

We consider the location-scale model of the demand equation:
Qi = Bo + PP + B3 Xi + (o + mPi +1Xi)Ui, (33)

where @); is the logarithm of the total amount of whiting sold each day, and P; is the logarithm of
the average daily fish price, which is endogenous. The vector X; includes exogenous explanatory
variables, such as indicators for the days of the week (Monday, Tuesday, Wednesday, and Thursday).
The structural quantile function can be estimated using the GMM-QR estimator, with two indicator
variables for weather conditions at sea (Stormy and Mized) as instruments.®

We are interested in the regression quantile coefficient:

a(T) = Bl + '/7\1(/]\(7_)7 T E (07 1)7 (34)

i*B\O*BlPi*EQXi
Ao+ PitA5 X5
quantile coefficient a(7) estimates the price elasticity of demand, which varies across different

where ¢(7) is the 7th quantile of the standardized residuals, U, = Q

. The regression

quantile levels.

Tables 4 and 5 report a(7) based on the one-step and iterated GMM-QR estimators with
conventional standard errors (se(a(7))) and misspecification-robust standard errors (seyr(Q(7))).
We also report bootstrap standard errors and 95% percentile bootstrap confidence intervals, using
5,000 bootstrap replications.

Table 4 presents results for the baseline specification without day fixed effects, while Table 5
shows results for the specification with day fixed effects. For comparison, we report estimation
results from ordinary least squares (OLS) and two-stage least squares (2SLS), which do not vary
with quantile levels. We then present quantile regression (QR) estimates based on the location-
scale model without addressing endogeneity. Finally, we report IVQR estimation results, including
the exact computation of the GMM estimator for IVQR models using mixed integer quadratic
programming, as proposed by Chen and Lee (2018), and the smoothed IVQR (SIVQR) estimator
of Kaplan and Sun (2017). Additionally, we report the inverse QR estimation (Inverse-QR) results
by Chernozhukov, Hansen, and Jansson (2009). Chernozhukov, Hansen, and Jansson (2009, Table
1) and Chen and Lee (2018, Table 6) report the same results for IVQR and Inverse-QR.

For the baseline specification in Table 4, we find that the point estimates for all methods

accounting for endogeneity are similar at quantile levels 7 € {0.25,0.75}, although results differ

8Stormy is a dummy variable indicating wave height greater than 4.5 feet and wind speed greater than 18 knots,
while Mixed indicates wave height greater than 3.8 feet and wind speed greater than 13 knots. See Chernozhukov
and Hansen (2008), Chernozhukov, Hansen, and Jansson (2009) for a detailed description of the data.
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7 =0.25 7=0.5 7=0.75

GMM-QR  a(r) -1.2390 -1.1026 -1.0405
(one-step)  se(a(r)) (0.6059) (0.3737) (0.3913)
sepr(Q(T)) [0.5163] [0.3338] [0.3810]

95% Bootstrap CI  [-2.5385, -0.0195]  [-2.1162, -0.2620]  [-2.0646, -0.2077]
GMM-QR  a(r) -1.3918 -1.0766 -0.9461
(iterated)  se(a(r)) (0.6149) (0.3277) (0.3140)
senr(Q(T)) [0.5830] [0.3104] [0.2964]

95% Bootstrap CI  [-2.4210, -0.0693] [-1.9111, -0.2666] [-1.7243, -0.2699]
QR a(r) -0.5295 -0.5449 -0.5571
se(a(r)) (0.1857) (0.1626) (0.1845)
IVQR a(r) -1.0880 -0.8876 -0.9755
se(a(r)) (0.4773) (0.5056) (0.3027)
SIVQR  a(r) -1.2860 -0.7610 -1.0176
se(a(r)) (1.3004) (0.4753) (0.6032)
Inverse-QR  a(7) -1.3680 -0.8860 -1.2685
se(@(r)) (0.5704) (0.4673) (0.3911)

Table 4: GMM-QR estimation of demand elasticity.
Baseline specification without day fixed effects

OLS: —0.5408, 2SLS: —1.0141
(0.1650) (0.3841)

slightly between GMM-QR. and other methods at 7 = 0.5. We also find that the QR method,
which does not account for endogeneity, can yield significantly different results compared to other
methods. Table 4 indicates that the misspecification-robust standard errors are not necessarily
larger than the conventional standard errors. The demand elasticity coefficients are statistically
significant at the conventional 5% level when using robust standard errors. The percentile bootstrap
ClIs also do not include zero for both the one-step and iterated estimators at all values of 7.

When the day fixed effects are included in the model (Table 5), we find that both the one-step
and iterated GMM-QR coefficient estimates, @(7), are close to -1 and statistically significant at all
quantile levels using the misspecification-robust standard errors for the iterated GMM estimator.
Notably, the misspecification-robust standard errors are generally larger than the conventional
standard errors for the one-step GMM, but not for the iterated GMM. The percentile bootstrap
CIs again do not include zero for all values of 7 and both estimators.

We also find that the demand elasticity coefficient can vary significantly across different methods
at 7 € {0.25,0.5}, as discussed in Chen and Lee (2018). Table 5 indicates that both IVQR and
Inverse-QR lead to statistically significant results at 7 € {0.25,0.75}. However, we do not reject
a(t) =0 at 7 = 0.5 for IVQR and Inverse-QR, nor at any quantile level 7 € {0.25,0.5,0.75} for
SIVQR.

We note that using conventional GMM standard errors for these methods in the IVQR model
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7 =0.25 7=0.5 7=0.75

GMM-QR  a(7) -0.9806 -1.0415 -1.0917
(one-step)  se(a(r)) (0.4128) (0.3256) (0.3809)
sepr(Q(T)) [0.7237] [0.7609] [0.8453]

95% Bootstrap CI  [-2.5552, -0.0732]  [-2.0536, -0.3053] [-2.1235, -0.2450]
GMM-QR  a(r) -1.0190 -0.9303 -0.8620
(iterated)  se(a(T)) (0.4135) (0.3089) (0.2968)
senrr(@(r)) [0.3999] [0.2965] [0.2823]

95% Bootstrap CI  [-2.8975, -0.1065] [-1.8960, -0.2574] [-1.6765, -0.1832]
QR a(r) -0.5812 -0.5674 -0.5558
se(a(r)) (0.1706) (0.1364) (0.1592)
IVQR  a(r) -0.6915 L0.7152 -1.0904
se(a(r)) (0.3253) (0.4828) (0.2465)
SIVQR a(r) -0.7920 -0.6487 -0.8980
se(a(r)) (0.7626) (0.4071) (0.5694)
Inverse-QR  (7) 11.3635 -0.5950 ~1.1790
se(a(r)) (0.5304) (0.4398) (0.3653)

Table 5: GMM-QR estimation of demand elasticity.
Specification with day fixed effects

OLS: —0.5625, 2SLS: —0.9301
(0.1521) (0.3577)

is not valid under misspecification, and this warrants further investigation.’

8 Conclusion

This paper develops an asymptotic theory for GMM estimators under nonsmooth and possibly
misspecified moment conditions. While the estimators remain /n-consistent and asymptotically
normal with directionally differentiable moment conditions, conventional variance estimators are
inconsistent under misspecification. We provide a consistent variance estimator and establish the
validity of nonparametric bootstrap inference. Our results apply to many relevant economic ex-
amples, and we illustrate our theoretical findings in the quantile regression model of Machado and
Santos Silva (2019).

Our result has an important practical implication: Hahn (1996) established the validity of the
GMM bootstrap percentile interval under correct specification. We show that the bootstrap interval
remains valid under misspecification. Thus, in popular applications such as quantile regressions
with IV, the GMM bootstrap percentile intervals enable misspecification-robust inference, whereas

other existing methods are either not valid under moment misspecification or difficult to implement.

9Because IVQR moment conditions involve indicator functions, the GMM estimator is y/n-consistent under correct
specification but n'/?-consistent under misspecification. Hong and Li (2025) propose a rate-adaptive bootstrap
procedure to consistently estimate the asymptotic distribution regardless of model specification.
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While it is beyond the scope of this paper, several potential directions exist for extending the
results. First, developing an asymptotic distribution theory for a general semiparametric class of
M-estimators under misspecification would be an interesting avenue of research. Notably, we do
not consider fully nonparametric or semiparametric conditional moment restriction models. Identi-
fication, estimation, and inference for general conditional moment restriction models with possibly
nonsmooth moment functions have been studied by Chen, Linton, and van Keilegom (2003), Chen
and Pouzo (2009, 2012), and Chen and Liao (2015). Ai and Chen (2007) develop estimation and
inference methods for general conditional moment restriction models with potential misspecifica-
tion, assuming smooth moment functions. While the framework of Chen, Linton, and van Keilegom
(2003) accommodates nonsmooth criterion functions, their bootstrap procedure relies on recenter-
ing the moment function, which is invalid for over-identified models under misspecification (Lee,
2014). Extending their framework to allow for misspecification without recentering, particularly
when the just-identified representation is unavailable, remains an open question.

Second, investigating the pseudo-true value in general econometric models and its relationship
with the true value is of interest. See Andrews et al. (2024) and references therein for recent

developments on this topic. We leave these directions for future research.

Appendix A: Proofs

The following Lemma 1 provides a primitive condition for the stochastic equicontinuity condition
that allows g(z, ) to be Lipschitz at 6y and differentiable at 6y with probability one, rather than
continuously differentiable. Lemma 1 extends Theorem 7.3 of Newey and McFadden (1994), which

establishes the same result under correct specification E[gy,(6p)] = 0.

Lemma 1. Suppose that g(0) = E[g,(0)] # 0, V0 € © where g,(0) = n~' > | g(X;,0). Sup-
pose there exist A(z,0p) and € > 0 such that with probability one r(z,0) = ||g(x,0) — g(x,00) —
A(z,600)(6 — 60)]1/116 — bol| — 0 as 6 — b0, Elsupjjg_gyjj<e7(z,6)] < 00, n7 130 A(Xy,00) 5
E[A(Xi,00)]. Then, for any 6, — 0, supjg_g,||<s, \/ﬁ"g”(G)Iiz/(g(ﬁ)e__(go(ﬁ)_g(eo))|| 20 and g(0) is
differentiable at 0y with derivative G = E[Gy] where G, =n~1 31 | A(X;,60)).

Proof of Lemma 1:

For any € > 0, let r(x,€) = supjjg_g,||<c 7(z,0). Note that r(z,e) — 0 as e — 0 with probability
one, and thus E[(r(z,e)] — 0 as € — 0 by the dominated convergence theorem. For all 6 such that
10 — o] < 0n,

V1191 (0) = 9n(60) — (9(0) = 9(60))ll

sup

10—00]|<60 1+ /nl|6 — o]
_ Vlla S (AKX 60) — EIA(XG, 60)]) x (8 = bo)l| + V(s 31y 7(Xi, 0n) + B[r(Xi, n)])I10 — 6ol
- 1+ /n[|0 — 6ol
<1 DA )~ BIACX:, 0| + Op(Blr(X;,5)) % 0
=1
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by the definition of r(z,e) and the Markov Inequality.
We also note that [|g(6)—g(60)—G(0—60)|| = [In~" 321 { Elg(Xi,0)] - Elg(Xi, 00)] — E[A(X;, 60)) (60—
60)}||- For 8 — 6y and € = ||6 — 6],
[l9(0) — 9(6o) — G(0 — 00)|| < E[r(Xi,€)]|0 — bo|| = 0

which shows ¢(#) is differentiable at 6y with derivative G. This completes the proof. O

Lemma 2 shows y/n-consistency and the asymptotic distribution of the bootstrap estimator
* which maximizes the bootstrap sample criterion function. Lemma 2 provides the bootstrap
extension of the Theorem 7.1 of Newey and McFadden (1994).

Let Q7 (0) be the same criterion function as @, (#) but based on the bootstrap data.

Lemma 2. Suppose that Q(0) is mazimized on © at 0y € int(0), Q(0) is twice differentiable at Oy
with nonsingular second derivative H, and that N 0y. Suppose that

(i) Qu(B) > supgee Qu(0) — op(n~);
(ii) /ADy % N(0,9);
(ii) for any 6, — 0, sup|g_g,|<s, [Vl (0)/[1 + /6 — 6ol[]] 2,0, where

Qn(0) — Qn(bo) — D7, (0 — b) — (Q(0) — Q(6bb))
160 — ol

Ra(0) = . (35)

*

Further, suppose the following holds for the bootstrap estimator 0% such that ¢ 2> 0y. Suppose
that

(i*) Q4(0%) > suppee QL (0) — o (n1);
(i*) /D% L5 N(0,Q);

(ii*) for any 0y — 0, supjg_gq|<s, |vV1E(0)/[1 + /10 — Ooll]] LN 0, where

_Qi(6) — @1 (60) = D (6 — o) — (Qu(6) — Qul6h)

1 6) 10— o]

. (36)
Then, /n(0 — 8p) % N(0, H-XQH™Y), and /n(0* — 0) <5 N(0, H1QH™Y).

Proof of Lemma 2: By the hypotheses of the Lemma, the asymptotic distribution results for )
directly follow from Theorem 7.1 of Newey and McFadden (1994). Therefore, it suffices to show that

the bootstrap estimator converges in distribution to the same asymptotic distribution in probability.

29



We first prove y/n-consistency of the bootstrap estimator o*. By the same argument for 5, the

negative definiteness'® of H and o £> 0y imply that
Q) < Q(8) — C* 6" — 6ol (37)
for some C* > 0. Choose U, so that 6" c Uy w.p.a.l, so that by (iii*)
R (07)] < (1+ V/nllf* — o]))op (n= /%), (38)
Then by (i*), (35), (36), (37), and (38),
0 <Q;(0%) — Q3 (60) + 0p(n~")
=Qn(0%) = Qu(0o) + Dj, (6% — 00) + 1|0" — 00| R}, (6) + 0 (n ")
=Q(0%) — Q(00) + (D + D) (6% — 00) + [|0% — 00| (Rn(6%) + R;,(0%)) + 0f(n ")

<= CH8" = B0l + Op(n)IB* — o + 118" — o (1+ VallF* 6]l ) oj(n~1/2) + 0p(n)
< = (C" + op(V)IIF" — bol* + Op(n™"/?)[16" — o + 0j(n~").

Since C* +0y(1) is bounded away from zero with probability approaching 1 in probability, it follows
that Hg* — 6ol + O;(nfl/Q) < O;;(nfl/z). Therefore, by the triangle inequality

18 = oll < 119" = boll + Op(n"%)| + |05 (n71%)| < Op(n~172), (39)

Thus, \/n-consistency is proved.
Next, let 6* = §_H—1D;; and = 6p— H ' D,,. Note that by construction ||§—6p|| = O, (n=1/2).

Then 0* is y/n-consistent for 0y because
16" — 6ol < 116 = 6ol + | H M I1D;]| < Of(n~"/?) (40)
by (ii*). Now by (35), (36), twice differentiability of Q(6), and /n-consistency of 8%,
2 (@1(07) - Q3(00))
(@u(B) — Qu(80)) +2D; (8" — 80) + 2R3, (B")11F* — 6o
=2 (QF") — Q(00)) +2(Dy + DY (6 = 0) + 2(Rul@) + Ro(B))IIF" — 0o

(0" — 00) H(0" — 00) + 2(Dy, + D) (0" — 00) + 2(Ru(07) + Ry, (67))[10* — ol + o <\|§* - 90112)
=(0" — 00) H(0" — 60) +2(Dy + D};)' (6" — o) + 0j(n ™).

=2

Since
DX (0 — 60) = —(6* — 0)H(0* — 0y) = —(6" — 0) H(0* — 0y) — D', (6" — 6y),

ONote that this H corresponds to —H in the main text.
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it follows that

~ ~ —~

2 (@1(0%) — Qi(00)) = (0" — 00 H(D" — 60) — 20" — 00) H (6" = ) + 0p(n™).
Similarly, it can be shown that
2 (@1(0%) = Qi(00) ) = —(F" — 60 H(E" = b5) + 0j(n™").
By (i*) and 0% 25 6,

op(n™") <Q3(0%) — Qu(6%)
=2 (Qu(8") — Qi(00)) — 2 (Qu(6) — Qi (00) )
=(0" — 0" H O —6") +o5(n7")
< — C*|6* — 0% + of(n7h)

for some C* > 0 (note that this is a generic positive constant). Thus, ||§* — *|| = 0;(71_1/2). Since
||§— 6 = 0,(n~1/2) follows from the exactly the same arguments as in Newey and McFadden (1994,
Theorem 7.1), by the triangle inequality

V(@ — 8) — (—H'/nD})|| =|lvn(@* —8) — Va6 - 0)|
<Vnl|0* — || + Vnllf — 6] = o3(1).

The conclusion follows by the Slutsky theorem. O

Proof of Theorem 1:

The proof proceeds by checking the conditions of Theorem 7.1 of Newey and McFadden (1994),
which establish the asymptotic distribution of the maximizer of the nonsmooth sample criterion
function. We refer the theorem to as TNM in this proof. We restate the conditions here for
convenience: (0) for the sample criterion function Q,(6), Qn(6) > supgee Qn(0) — 0p(n~1) and
IEN o; (i) the population criterion function Q(6) is maximized on the parameter space © at 6y;
(ii) O is an interior point of ©; (iii) Q(#) is twice differentiable at 6y with nonsingular second
derivative H; (iv) /nD, 4N (0,8) where D, is a random vector that appears in the remainder
term R, (#), analogous to the derivative of the sample criterion function, if exists; (v) for any
O — 0, SUp|g_go|1<sn [ Bn(0)/[1 + v/nl|0 — 6o]]]| & 0 where

Ry (0) = v/n[@n(0) — @n(00) — (Q(0) — Q(6o)) — Dy, (6 — 00)]/110 — boll.

First, we define
Q(@) = _9(9)/Wg(9)/27 Qn(e) = _gn(e)/ann(e)/z + An(e)
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where A, (0) = e,(0) Wyen(6)/2 + (9n(00) — 9(00)) When(0) + g(00) (W, — W)e,(0), and €,(0) =

[9n(0) — gn(00) — (9(6) — 9(60))]/[1 + v/n|0 — ol l].
Note that for 6,, — 0, and U = {6 : ||0 — bp|| < on},

V1|91 (0) — gn(00) — (9(6) — 9(60))]]

Sgp\/ﬁH&n(@)II:Sgp T+ allo— fol]

< up Y19(0) = 0(60) — (98) — 9(60)) ~ (G = OO~ o), Vll(G — GO~ B0)]

U (1+ v/n[|6 = bol[) v (1+vnllf—6)

V1l|gn(60) — gn(60) — (9(0) — g(6o)) — (Gn — G)(6 — 60| —all=o

== 16— Goll(L + v/l 6 — Bo]) +liGn =Gl =)
by Assumptions 1.6 and 1.7.

For any §,, — 0,

sup  [Ap(0)| = sup  |en(0) Wien(0)/2 + (92(00) — 9(60)) Wnen(0) + g(60) (W — W)en ()]
[|6—60]|<5n [|6—60]|<6n

< Op(1) ||9—Sé?u|I|)<6 llen(O)1](11en ()] + 119 (60) — g(Bo)l| + [[We — W|) = 0p(n~")

by supjjg_gy)1<s, VllEn (@)l = 0p(1), [19(00) — 9(00)|| = Op(n ~172), and ||W,, — W|| = Op(n~1/?)

under Assumption 1.7. Then, we have Q) (6 ) > SUp|jg_gy||<s, @n(0) — 0p(1/n) by Assumption 1.4.
Together with Assumption 1.5, Condition (0) of TNM is satisfied.
Conditions (i) and (ii) of TNM are satisfied by our Assumption 1.1.

By the second-order Taylor expansion, we obtain

9(0) = g(0o) + G(0 — 60) + 5> (9 9 fo) + o(]10 — 6ol |*).
J=1

l\DM—l

where 60; denotes the jth element of . It follows then,

Q(0) = — ;{(GOHGQ 90+;§; Ge 60)]W
! (60) + G(0 — 6o) + ;i Ge bo) | +o(ll6 — 6ol[*)
— 4(00)' Wa(00)/2 — g(00) WG(8 — 60) — (6 — 60 G'WG(0 — o) /2
g<eo>Wzl<ej 030 350 = B0)/2-+ (10 = 0]
=Q(6o) + (6 — | 00)' (— G'WG — (9(60) W @ I,)F) (0 — 6)/2 + o(]|0 — 6o]*)

=Q(00) — (6 — 00)'H(0 — 60)/2 + (|10 — 6o][*)

so that Q(0) is twice differentiable at 6y, where in the third equality we use G'Wg(6p) = 0 from
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the population FOC. Thus, Condition (iii) of TNM is satisfied.
For Condition (iv) of TNM, we define D,, = —G’,W,,g,(6p). Under g(6p) # 0, we have

\/ﬁDn = _\/EG;Lann(QO) = _\/ﬁG{an[gn(QO) - 9(00)] - \/'EG;LWTLQ(GO)

= /G, Walgn(00) — g(00)] — VnGly (Wi — W)g(0) — /(G — GY Wg(0) % N (0,)
by Assumption 1.7, the Slutzky theorem, and the population FOC, G'Wg(6y) = 0.
It remains to check Condition (v) of TNM. To do so, we first derive the terms included in the
remainder R, (6). Since g,,(0) = g,(6o) + g(0) — g(6o) + en(0)(1 + /1|6 — o)),
9n(0) Wagn(0) =(1 + v/nl|0 — bo]])*en(0) Waen () + g(8) Wg(0)

+ (9n(00) — 9(00)) Wi (gn(60) — 9(60)) + 2(gn(60) — 9(60)) Wng(6)
+2[(gn(00) — 9(00)) + 9(0)] Wnen(0)(1 + v/nl|0 — o]]).

Since e,(6p) = 0,

9n(0) Wingn(0) = gn(00) Wign(0o) — 24A,(6)

=(n]l0 — 6ol1> + 2v/n|0 — 0ol )en(0) Waen(0) + 2(gn(60) — 9(60)) Waen(0)v/nl[0 — bo|
+2(g(0) — 9(60)) Waen(0)(1 + v/n||0 — 6o|]) + 29(60)' (Wy, — W)z, (8)v/nl[0 — 00|
+29(00) Wen(0)(1 4 v/n|10 — 6o]|) +2(9.(60) — 9(00)) Wn(9(8) — g(60))
+ 9(0) Wng(0) — g(60) Wrg (o)

It is also useful to note that

9(0) Wrng(0) — g(60) Wng(6o) — g(8) Wg(8) + g(60) W g(6o)
=(g(0) — g(60))" (W, — W)(g(8) — g(60)) + 2(g(8) — g(60))' (W, — W)g(6o)

Using these algebraic results, we have

Qn(0) — Qn(bo) — (Q(6) — Q(60)) — Dy (6 — bo)

= - gn(e)/ann( )/2 + An(e) + gn(‘gO)IWnQn(QO)/2 - An(g()) + Q(Q)IWQ(H)/2 - 9(90)/Wg(00)/2
[G' n(9n(00) — g(00)) + G (W, = W)g(bo) + (G — G)'Wg(60))'(6 — 6o)

= Z 7jn(0)
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where

r1n(0) = —(n]|0 — 60| * + 2v/n[|0 — fo||)£n (0) Wien(0) /2
(0) = —[gn(60) — 9(60)]' Waen(0)v/n[|0 — 60|

(0) = —[9(0) = 9(00)) Waen(0) (1 + /|0 — 6o]])

ran(0) = —g(00) (Wy — W)en(0)v/nl|0 — 6|

r5n(0) = —g(00) Wen(0)(1 + V/nl|0 — bol]) — (Grn — G)(0 — 6o)]
ren(0) = —(9(0) — 9(60)) [Wn — W](g(0) — 9(60))/2

ron(0) = —[9(0) — 9(60) — G(0 — 00)]'(Wy, — W)g(6o)

rsn(0) = [(Gn — G)(0 — 00)' Wi (gn(00) — 9(00))

ron(0) = —[9(8) — 9(60) — G(0 — 00)] Wi (gn(00) — 9(60))
r10n(0) = [(Gn — G)(0 — 00)]' (W, — W)g(6o)

using A, (0y) =0, and G'Wg(fp) = 0. Condition (v) of TNM is satisfied if

10
O ran (0
sup |R ( )| sup \/ﬁZ]_l ‘TJ ( )| =0p(1). (41)
10—tol1<n L+ /110 = 0ol jjo—soli<s, |10 — Boll(1+ /1|6 — bol])
We now show (41). For r1,(0),
Vitlrin(6)] )
v |10 —60||(1+/n||6 — 6l]) — U [en (D)7 [Wal| (1)

for some constant C' > 0 because supy; v/n|len(6)|| = 0p(1) by Assumption 1.6 and 1.7. For r,(6),

Valran(0) Wellsup Rllen(@)] = o
sup g ey < Ve 60) — gl Wl sup VA en(8)] = (1)

by [gn(6o) — 9(00)ll = Op(n~'/2). For r3,(0),

Vil (©) lo(6) 900 .
N Y (Y T R e I A B

by [lg(0) = g(fo)ll = O([|6 — bol]). For r4n(6),

Vilran(0) — Wllswo VRlen(®) = o
up g g =gy < N9 VAW Wl sup Villen(©)] = op(1)
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by |[Wy, — W|| = O,(n=1/2). For r5,(6),

V|rsn(0)]
116 — o] [(1 + /1|0 — bo]])
:sup\/HLq( 0)' W(gn(0) — gn(00) — (9(0) — g(o)) — (Gn — G)(8 — 6p)]|
U 16 — 6| (1 + v/n||60 — 6o]])
[9n(0) — gn(b) — (9(0) — g(bb)) — (Gn — G) (8 = 0o)]]|
16 — Oo|[(1 + v/n||0 — bo]])

sup

ﬁwwwuwwwﬁpwﬁ‘ — o(1)

where the last inequality holds by Assumption 1.6. For r¢,(0),

V1 |r6n(0)]
16— 6ol |(1 + v/nl|0 — 6o]])

by [lg(8) — g(6o)ll = O(]|6 — ol[). For r7,(6),

sup < sup 119(0) — g(00)[|vnl[Wn — W] = 0p(1),

Vil (0)| lg(0) — g(6o) — G(6 — 6o)|| .
ST all(L+ v/nllo —oll) 0 T vl [We = W1 - [lg(60)]|
=sup O(]10 — 6o])Op(1) = 0p(1).
For rg,(0),
Vilrsa (0) e
Sup||9 0o!|(1 + /n|6 — 6o]]) SSgp\/ﬁHGn G| - [|Wall - [lgn(80) — g(0o)|| = 0p(1).
For rg, (),
Vnlren(0)] [lg(0) — g(6o) — G(0 — 6o)]|
" 110 — Go|| (1 + V/l6 — QOH) Sup 16—y | [Wallvnllgn(00) — g(6o)ll

=sup O([|0 = 6o[[)Op(1) = 0p(1).
U

Finally, for r19,(0),

V1 r10n(0)]
116 — 6ol (1 + v/n||0 — 6ol|)

Thus, the conclusion follows by TNM and we have

< SuprG = G- [[Wn = WI[ - [|g(60)[| = 0p(1).

sup

Vi@ — 00) = H'/nD, + 0,(1) % N(0, H 'QH).
This completes the proof. ]

Proof of Theorem 2: The proof proceeds by showing the following steps. For the GMM estimator
0,(¢) defined in (8), (i) supgee H@n(qb) - 0(¢)H 2, 0; (ii) With probability tending to one, the map
6,,(4) is a contraction and the fixed point § exists and is unique; (iii) || — 6o|| 2 0.
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The proof of (i) is identical to that of Theorem 3.1 of Hansen and Lee (2021) because the
uniform convergence of g,(0) and W, (#) hold by our Assumption 2, the uniform invertibility of
W (¢) holds by our Assumption 1.3, and the existence of unique minimizer of the population s-step
GMM criterion holds by Assumption 1.1.

Since we do not assume differentiability of the moment function, the proof of (ii) proceeds
differently from that of Theorem 3.2 of Hansen and Lee (2021). We show the following: For some
0 <c¢ < 1 and for any ¢1, ¢2 € ©, with probability tending to one,

10n(é1) = Bn(82)[| < cllgr — @2l - (42)

Since ¢1 = ¢9 is trivial, suppose that ¢1 # ¢2. Suppose that (17) holds with 0 < ¢y < 1. For any
®1, ¢2 € O, (i) implies that for a large enough n,

1—

i1 — ¢l (43)

sup ||0n () — 0(9)|| <
P€O
Now by the triangle inequality, (17), and (43),

10 (61) = On(2)|| = ||0(d1) — O(2) + On(¢1) — On(2) — O(1) + O(2)||

< 16(¢1) — 0(d2)|| + ||0n(d1) — (1) — (On(2) — O(¢2))]|
< co llpr — ¢l + 2 sup ||0n(9) — 6(0)||

(<G
<2261 - 6ol

with probability tending to one. Since the map 6,(¢) is a contraction with probability tending to
one, the fixed point exists and is unique by the Banach fixed point theorem.
Lastly, the proof of (iii) is identical to that of Theorem 3.3 of Hansen and Lee (2021). O

Proof of Theorem 3:

Since the iterated GMM criterion function takes a different form with those considered in
Theorem 7.1 of Newey and McFadden (1994), we cannot proceed by directly checking the conditions
of Theorem 7.1. as we did in the proof of Theorem 1. Instead, the proof proceeds by taking similar
steps with that of Theorem 7.1 of Newey and McFadden (1994) but extending their proof to allow
for the iterated estimator under moment misspecification.

First, we want to show that \/ﬁ||67 — 6o|| = Op(1). We define the sample and the population

criterion function as follows:

@n(
Q(

,<Z>) = - Jn(97 ¢)/2 + An(ev <f>) = _gn(a)/Wn(é)gn(Q)/z + An(ea ¢)

0
0,9) =—g(0)W(¢)g(0)/2,
where A, (60, ¢) = e,(0) Wi(d)en(0)/2 + (gn(00) — 9(60)) Wi(d)en(0) + g(00) (Wn(p) — W)en(6),
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and €,(0) = [gn(0) — gn(00) — (9(0) — g(00))]/[1 + v/nl|6 — bol|]-
Also define

Ry (6,8) = [Qn(6,8) — Qu(60,8) — (Q(8,60) — Q0. 80)) — D (6 — 60)]/110 — bl
where Dy, = —G!, Wy (0)gn(60). Let D,y = —G! Wn(60)gn(6o). Under g(6y) # 0, we have

VnDy = —/nG, Wi (60)[gn(60) — 9(00)] — vVnG;, (Wi (60) — W)g(6o) — v/n(Gn — G)'Wg(6o)
4 N(0,Q)

by Assumption 1.7, the Slutsky theorem, and using G'Wg(6y) = 0 by the population FOC.

-~

VD, = Dy = /Gy (Wa(0) = Wa(60)) g (00)
= VD + VG W (8) (W (8) " = Wi (60) ™) Wa(60) 9 (60)
= /Dy + /MG, Wi (8) (W () ™" = Wa(8) ™ = (W(B) ™ = W (60) ™)) Wi(60)gn (60)

+ VG W (0) (W (6) ™1 — W (60) ™) Wi (60) gn (6o
= \/nDy, + G'W/n(vn(0) — vn(f0) — (v(0) — v (B

+(9(60)'W ® G'W)y/n(vec(W (8) ™ — W (6)~
= /Dy, + A(60)v/n(0 — 60) + 0,(1)

)
)W g(6o)
1) +op(1)

~

where we use Slutsky theorem, and the stochastic equicontinuity, v/72||vn(8) — vn(60) — (v(6) —
v(0)|| < (14 /n||f — 6o]]) x op(1) = 0p(1), and Taylor-order expansion of W(6)!, and A(h) =
(9(8) W (8) ® G(8Y W (8))S(6), S(6) = gy vec(W (8) ).

Unlike Theorem 7.1 of Newey and McFadden (1994) where the population criterion function
depend only on 6, our population criterion function depends on 6 and ¢, and ¢ converges to the

fixed point as we iterate. Using the alternative representations,
G(O)YW(0)g(0) = (9(0) @ G(0)') vec W (0) = (9(0) W (0) ® I,,) vec G(0)’,
and the identity

3 9 _
5 Ve W) =—-(W() W(Q))wvec(W(Q) gl

we have the following expansions since G'Wg(6p) = 0,

Q(0,00) = Q(0o,00) — (0 — 0)' H(0 — 6)/2 + o(||0 — 6o||*) (44)

where H = H(fy),
H(0) = G(O)W(0)G(0) + (9(0)' W (0) ® L) F(0),

and F'(0) = % vec(G(0)). By 6y being the maximum and H being nonsingular, H > 0.1

"Note that our definition of H corresponds to —H in Theorem 7.1 of Newey and McFadden (1994).
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Therefore, by R 0o, with probability approaching one,
Q(0.60) < Q(60,00) — C116 — oI

for some C' > 0.
Choose U, so that 0c U,, with probability approaching 1, so that

V| Ra(8,8)] < (1+ /|8 — 6o])op(1), (45)

~

which holds by the same arguments to show (41) by replacing W,, with W,,(#). It can be also shown
that supjjg_g,|<s, 2n (0, 0) = op(n~1) for any 6, — 0, similarly as in the proof of Theorem 1 by
replacing W, with W, (0) under the Assumption 1.7, and thus Q(0,0) > sup)jg_g,|<s, @n(0,0) —
op(1/n) by the Assumption 1.4.

Then we have

~

0 <Qn(8,0) — Qn(00,0) + 0p(n™Y) = Q(B,60) — Q(G0,00) + DLy(0 — ) + Rn(8,8)]6 — o[ + 0p(n™")
< —C0 — 60| > + ||Dnl| 16 — bol| + 110 — b0]|(1 + V2|10 — bo])op(n~Y?) + 0p(n ")
< — [C + 0, (][]0 — 0o? + Op(n )10 — bo]| + 0p(n ).

Thus, we have ||6 — 6||2 < Op(n_l/Q)]\g— 0o|| + 0p(n™1) because C + 0p(1) is bounded away from
zero with probability approaching one. Then, by the same arguments in the proof of Theorem 7.1
in Newey and McFadden (1994), we have ||6 — 6| = 0, (n=1/2).

Next, let 0= 8o + H~'D,, and then 0 is \/n consistent by construction. It follows that

2(Qn(8,0) — Qn(60,0)] = — (6 — 00) H (0 — 6o) + 2D,,(6 — ) + 0p(n")

~

= — (6 — 00) H(B — 60) +2(0 — 00) H(B — o) + 0p(n ) (46)
by (44) and (45) . Similarly,

2(Qn(0,0) — Qn(60,0)] = —(6 — 00) H (6 — 60) + 2(6 — 00) H(6 — 0p) + 0p(n~)
= (0 — 00)'H (0 — o) + op(n"). (47)

Then, since 0 is contained within © with probability approaching one, by Assumption 1.4,
2(Qn(8,0) = Qu(60,6)] — 2(Qn(6,0) — Qu(00,0)] > 0p(n~"),
so by using (46) and (47),

0p(n™) < —(6 — 00) H(G — 60) + 2(6 — 60) H(6 — 60) — (6 — 60) H (6 — 6o)
= —(6—0)H(O—6) < —C||o - 0]]>
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Therefore, ||v/n(6 — o) — (H~'y/nD,)|| = vnl|6 — 6] - 0.

Thus, we have

VRH(O — 0) = /nDy, + 0,(1)
= /Dy + A(60) V(8 — 6o) + 0p(1)
where we use /nD,, = /nD,, + A(Qo)\/ﬁ(g— 6o) + op(1). By rearranging, we have \/ﬁ(a— 0o) =

(H—A(6p))"*\/nD,, +o0,(1) = H~1\/nD,, by the definition of H in the theorem. So the conclusion
follows by the Slutsky theorem and H~'/nD, 4, N0, H'QH™1). O

Proof of Theorem 4:

First we define,
Qn(0) = —gn(0) Wign(0)/2 + AL(0),  Qu(0) = —gn(0) Wngn(0)/2 + An(0)

where A7 (0) = €7,(6) Wyer,(0)/2+(g7,(00) —9(60)) Wyer,(6) +9(60) (W, =W)er, (), &5,(0) = [97,(0) —
g:(00) — (g(0) — g(60))]/[1 + /1|0 — 6o]]]. Q(O), An(0),e,(0) are defined in the proof of Theorem 1.

The rest of the proof proceeds by verifying the conditions of Lemma 2 using the results in the
proof of Theorem 1. Note that for §, — 0, and U = {6 : ||0 — || < I,.},

sup /<5 (0)]
o Yl92(60) — 5 (B0) — (9(60) — 9(60)|

U Tt 0 0]
< oup VIG(O) ~ Ga(00) ~ 6nl8) ~ gu G0, . Villgn(®) — 9n(00) ~ (0(6) ~ g(60))
< s {0+ ylld— bl i (L 10— ol

g5 (6) — g (80) — (60(6) ~ 9,00) = (G = C)O =00 e 1
= sup 10— 00l[(1 + /[0 — o) F1IG = Cnll+ o)
= o0p(1)

by the triangle inequality, Conditions 2 and 3 of the Theorem, and supy v/n|le,(6)|| = 0p(1). Also
let

Dy, = —G/Wg5(00) + G Wagn(60)

= —G/W(g7(00) — gn(00)) — G}/ (W, — Wa)gn(6o) — (G, — Gn) Wagn(0o), (48)
Dy, = —GL,Wp9,(00) + G'Wg(6p)
—GLWa(ga(60) — 9(60)) — G (Wi — W)g(bo) — (Gn — G)'Wg(bo). (49)

Conditions (7)-(ii7) of Lemma 2 hold under the same assumptions in Theorem 1. For Conditions
(¢%)-(4i7*), first note that the bootstrap version of Assumption 1.7 holds due to Giné and Zinn (1990),
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and by W 2, W, Wy & W, gn(60) 2 9(60);

gn(00) — gn(6o) ) 0 Y A
Vil Wi =Wagabo) | SN|[[o]. | & w - (50)
(G, — Gn)' Wign(bo) 0 oY

Therefore, Condition (i*) holds because supjg_g,|<s, |25 (0)| = op=(1/n) by using ||g;,(60)—g(6o)|| <
197:(60) — gn(00)[| + 11gn(0) — g(B0)l| = Ope (n=/2), |[Wyr = WI| < ||Wyr = Wa|| + [[W — W|| =
Op+ (n™1/2), and thus Q7 (6*) > SUD||g—gy||<s, @ (0) — 0p=(1/n). Condition (i5*) follows by (50).

Thus, we remain to verify Condition (7i:*) of Lemma 2.

m = =

By (36),
Ry(0)]16 — 6o

=Q;,(0) — Q5 (60) — (Qn(0) — Qu(60)) — D} (6 — o)
=Q;(0) — Q3 (60) — (Q(8) — Q(6o)) — (D} + Dy)' (6 — o)
— (Qn(0) — @n(80) — (Q(6) — Q(60)) — D, (6 — 65))

=Q;(0) — Q5(60) — (Q(8) — Q(60))

+ (G W3 (97.(00) — 9(00)) + G5/ (Wi = W)g(bo) + (G, — G)Wg(60)]'(6 — 00) — R (0)(6 — 00)

where 77, (0) is similarly defined as in the proof of Theorem 1 by replacing gn(6), Gn, Wh,en(0)
with ¢*(0), G (6), W}r(0),e5(0), respectively. Using the same argument as in the proof of (41), we

can show that

aS 1 0)
o Gt o Y (5D

For example,

V()
v |10 —60l|(1+ /n]|6 — 6l])
(O WG (0) — ga(00) — (0(6) — g(60) —
—sup v 10— G0l1 (1 + 10— o]
192(6) — g2(60) — (9(6) — g(6)) — (G — G0 — B0
16— G0l[(1+ v/l |6 — 6o}
1i62.0) — 97(00) — (g (0) — g (00)) — (G — G (0 — B
<lg @) W] [sup v A i)
1192(6) — 9.(00) — (9(6) — 9(60)) — (G — GO — B0
+sup/n 19— 60ll(L+ /Il = ol )

Gy, = G)(0 —6o)]]

(
)

<I1g(60)]| - IIW]] sgp\/ﬁ"

:OP*(1)>
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where the last equality holds by Assumption 1.6 (stochastic differentiability) and Condition 3 of
the Theorem (the bootstrap stochastic differentiability).
Therefore, for §, — 0, and U = {0 : ||0 — Oy|| < J,,}, we have

« 10 1 (g
o [ ]| < = o | e T s | =
The conclusion follows by Lemma 2 and we have
V@ —8) S N, H'QH™Y).
This completes the proof. ]

To accommodate the iterated GMM structure, we need a separate Lemma which is similar to

Lemma 2.

Lemma 3. Suppose that Q(6,00) = Q(0o,00) + (6 — 0o)' H(O — 09)/2 + o(||0 — 00||?) with H =
—(G(60)' W (00)G(00)+(9(00)' W (60)@1I,)F(6y)) nonsingular and negative definite, and that 0 2 6.
Suppose that

~

(i) Qn(0,0) > supyee Qu(0,0) — 0p(n~");

(i) /Dy = \/iDn+ A(Bo) /(B — o) + 0 (1), where A(Bo) = (9(0)' W (80) 2 G (60) W (60))S (60),
and /nD,, 4 N(0,9Q);

(i1i) for any 6, — 0, sup|g_gq|<s, (V7 (0, 0)/[1+ vnll6 — 6oll]| 2 0, where

Ry (6,9) = Qn0:9) = Qu(60,6) = (6, 60) — Q6. b)) = D (6 — bo)
o = -

*

Further, suppose the following holds for the bootstrap estimator 0% such that 6* 2 Oy. Suppose
that

(i*) Qu(6%,0%) > supgee Q5 (60,0%) — o5(n™1);
(ii*) D}y = /uDj + A(Bo) V(0" — ) + 0p-(1), and /nDj 5 N(0,9);

(ii*) for any 0y — 0, supjg_g,|<s, [V7 (0, 6%)/[1 + /n|6 — o] 2, 0, where

_ Qu(6,6%) — @5(00,6") — (Qn(6,0) — Qu(60,6)) — Dy (6 — bo)

Then, a0 — 6y) % N(0, HXQH™Y), and /n(0* — 0) L5 N0, H-1QH™Y), where H =

—H — A(6y) that is nonsingular.
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Proof of Lemma 3:

The proof follows exactly the same step as in the proof of Lemma 2 by replacing @Q,,(6), Q5 (0),
R,(0), Rx(6) with Qn(6,0), Q% (6,6%), Ra(6,6), R:(8,6*), where we have /n(6—8y) = —H'\/nD,+
op(1), and V(0% —8) = —H-'\/nD:. Then, using the condition (ii) and (#i*) in the Lemma, and
by rearranging as in the proof of Theorem 3, we have /n(6— ) = (—H — A(6y))~*v/nD,, +o,(1) =
H='\/nD,, \/ﬁ(é\* - é\) = HY\/nD}, + op«(1), where H = —H — A(6)). O

Proof of Theorem 5:

The proof similarly proceeds the proof of Theorem 4 by verifying the conditions of Lemma 3
using the results from the proofs of Theorem 3.

Recall the sample and the population criterion function for the iterated GMM in the proof of

Theorem 3;

Qn(0,0) == Jn(0,0)/24+ An(0,0) = —gn(0) Wi(¢)gn(0)/2 + An(8, 6),
Q0,0) =—g(0)W(9)g(6)/2,

where Ap(0,¢) = en(0)Wn(6)en(0)/2 + (gn(60) — 9(60))' Wi (@)en(0) + g(00)' (Wa(d) — W)en(0),
and 5, (0) = [gn(0) — gn(00) — (9(0) — 9(60))]/[1 + v/n[|0 — Oo]l].

We define the bootstrap sample criterion;
Qn(0,6%) = —J3(0,07)/2 + A,(0,0%) = —g5,(0) W (6")g7,(6)/2 + A6, 67)

where A% (8,8%) = e (0) W, (0%)e5 (8) /2+ (95 (80)—9(00)) Wi (7)< (6)+9(80) (W (8*)—W (o)) (9),
5(0) = [g5(0) — g3(60) — (9(8) — g(00))]/[1 + /nll6 — bol[].

Also recall from the proof of Theorem 3,

£

Ru(6,8) = [Qn(6,8) — Qu(60,8) — (Q(8,60) — Q(6o,60)) — DLy(6 — 60)]/110 — bol|

~

where D,, = =G| W;,,(0)gn(0p). We then define
R, (0,07) = [Q5(0,6") — Q4(00,0%) — (Qn(6,0) — Qu(60,0)) — D} (0 — 60)1/]0 — bol|

where D} = —G#/W;i(6%)g5(60) + G Wa(0)gn(00). Let D = —GiW;(0)gs(00) + Gy Wi (0)gn(60),

then we have

VnD} = —/nGEW(0)g%(60) + VGl Wi (8)ga(60)

= —G/W,i(0)Vn(g;,(80) — 9a(60)) — G /n(W;3(8) = W (8))gn(00) — V(G — G) Wi (8)gn(60)-
The rest of the proof proceeds by verifying the conditions of Lemma 3. From the proof of

Theorem 3 (equation (44)), we have a quadratic expansion Q(8,60y) = Q(6o,00) — (0 — 0)'H (6 —
00)/2 + o(||0 — 00||?) where H is nonsingular, and H > 0.
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Conditions (7)-(i7¢) of Lemma 3 follow directly from the proof of Theorem 3. Condition (i*),
Q;(@*,é\*) > SUD||9—go||<6,, Q;;(Q,g*) — op+(1/n), holds because supjg_g,||<s, |A;’;(9,5*)] = 0p+(1/n)
by using sup vl (B)]] = ope (1), Supyjp_go) <5, |195(60) — 98| = Oy (n1/2), [ W (8*) — W] =
Op+ (n™1/2).

For condition (ii*), the following CLT holds

9n(00) = gn(00) ) 0 Y AT
Vil Wi @) - Wa@)gno) | SN[ o | & v 1 |], (52)
(G — G)' Wi(8)gn (60) 0 oY =

by the bootstrap version of Assumption 1.7 due to Giné and Zinn (1990), and /n(v}; (0) — vn(é\)) =
V(v (00) = vn(00)) + v/ (v5(0) — v (60) — (vn(B) — va(00))) = v/n(v5(B0) — va(80)) + 0p+ (1) due to
Condition 3 of Theorem, and by W,;"(@\) 7, W, W (0) & W, g,(00) & g(0o).

Thus, /nD}; 4 N(0,€). Moreover,

ViD} = /nDj — GE (W (0¥) — W;i(8))g5 (60)
= /D, + A(60)v/n(8” = ) + 0, (1),

where we use Slutsky theorem, the similar expansions as in the proof of Theorem 3,

vn(0%) = 03 (0) = [0(0%) — v (0) — (va(6) — va(0))]

+ [02(67) = 0a(6) — (v(8%) — v(8))] + (v(67) — v(B))

and the stochastic equicontinuity of v, (), and the bootstrap stochastic equicontinuity of vy (9).
Thus, condition (i7*) holds.
We remain to verify Condition (i7i*) of Lemma 3. From the definition of R} (6, 6%,

-~

RE(0,6%)(16 — ol = Q5(6,6%) — Q1 (80,0%) — (Qn(6,0) — Qu(00,8)) — D} (6 — bo)

(0
=Q1(0,6") - ano,e*) (Q(6,80) — Q(60, 60)) — (D5, + Dn)' (6 — 60)
— (Qn(8,8) — Qn(80,8) — (Q(8,60) — Q(6o,60)) — DLy (6 — bo))
=@, (0, 9*) Qn(90,9*) (Q(0,60) — Q(60,60))
+[GHW(07) (g3 (00) — g(B)) + Gy (W (6%) — W)g() + (G5, — G) Wg(00))' (8 — 6o) — R (8)(6 — 60)
10

= "75,(0) — Ru(6,60)(6 — 6p),
7=1

0) is similarly defined as in the proof of Theorem 3 and 4 by replacing W,¥ with W (é\*),

respectively. Using the same argument as in the proof of Theorem 4, we can show that, for §, — 0,

where 17, (
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and U = {0 : (|0 — 0| < I},

VR (6,6%)
1+ /n[[f — 6|

= op+(1).

sup
U
The conclusion follows by Lemma 3 and we have
V(@ -8 %S N, H oY,
This completes the proof. O

Proof of Theorem 6:

We first verify the assumptions of Theorem 1. By the standard consistency arguments (Newey
and McFadden, 1994, Theorem 2.6) and the CLT, Assumption 1.5 and Assumption 1.7 are satisfied
with G, =n~1 3" | G;(6p), where

_ o (X(Yi—XIp)

1 v/ '

G;i(0) = _U(X’W))/ZZ)‘(X; (X7)(Y, )?%’{7)2 yZl);)(/g
v B 1 i—X] v X (Yi—X] i—X] v ]
~setmson (s ) ZiXi s son (e ) ZiX,
sgn(z) = 1{x > 0} — 1{z < 0} is a sign function.
Let
i(0) — gi(6) — Gi(60)(0 — 6
.7:2{?”2(,9):9() 9(0) (0)< 0):H9_00H<5}

16— 6ol|
be a class of functions indexed by 8 = (8’,7')" € © for some 6 > 0, where ¢;(0) and G;(0) are defined
in the Theorem 6. As the moment function g;(#) involves the absolute function, we can verify that
|ri(+,0)| are uniformly bounded, supy |r;(-,6)| has a finite second moment under the conditions 1
and 3 in Theorem 6. Furthermore, as the remainder term r;(#) involves differences of an indicator
of a half-space in the parameter spaces, the class F is a Vapnik-Chervonenkis (VC) class by using
the same arguments as in Pollard (1985, Example 8), which implies Assumption 1.6.
Thus, all assumptions of Theorem 1 hold, and thus we have

V(@ —0)) = —H ' \/nD, + 0,(1) = gL zn: m; + op(1) (53)
\/ﬁ =1

where
m; = G'Wg;i(0) + Gi(60) Wg(by) — G'WoviWg(6).

Under the Assumptions in Theorem 6, using the same arguments in the proof of Machado and

Santos Silva (2019, Theorem 5), we have the following linear representation conditional on /n
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consistent estimators of 8y = (5(,7()’s

V@) = qol(r) = — 3~ 1(Us < gol(r)) + 0p(1) (54)
=1

Julao(r)) Vi &

where fy(-) is a density function of the random variable U;. Note that (53) and (54) hold jointly,
and thus we have the limiting distribution as in (31). Furthermore, asymptotic distribution of the
regression quantile coefficient estimator a(7) in (32) is obtained by the standard delta-method.

This completes the proof. ]

Appendix B: Covariance Matrix Estimation

We now consider estimation of the covariance matrix of the GMM estimators. First, we consider
the one-step GMM estimator 9. Let Q be an estimator of ), where

Q= lim Var (vVn{G,Walgn(00) = 9(00)] + G, (Wn = W)g(b0) + (Gn — G)'Wg(b)) -

If g,(0) = n= 13" 9(X;,0) and g(X;,0) be Lipschitz at 6y and differentiable with probability
one (see Lemma 1), i.e., there exists A(z,6p) and € > 0 such that with probability one r(z,0) =
llg(z,0) — g(z,00) — A(z,00)(0 — 00)||/|16 — Oo|| — 0 as & — 6, then the following estimator can be

used

m; = G\/anz(é\) + Gz(é\)/ann(é\) - éanviUQann(é\) (55)

where G = n! Sy Gi(g),and Gi(8) = A(X;,60). For example, we can construct the asymptotic
covariance matrix for GMM-QR, estimator using (55) in Section 5.

Numerical derivative methods can be used to estimate G, H and are consistent under weak
conditions (see, for example, Newey and McFadden (1994), Hong, Mahajan, and Nekipelov (2015)).

A numerical derivative estimator G for G has jth column,
G = [9n(® +ejen) — g0 — ejen)] /220

where e; is the ¢th unit vector, €, is a small positive constant that depends on the sample size.
Similarly, H can be estimated by a second-order numerical derivative of the criterion function
Jn(0) = gn(0)' Wign(0),

~

ﬁi,j = [Jn(§+ eien +ejen) — Jn(0 — eien + ejen) — Jn(0+ eien — €jen) + Jn(0 — esen — ejen)] /4e?.
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Alternatively, H can be estimated by the explicit formula

~

H = GW,G + (gn(0)W,, ® I,)F

where I is a numerical derivative estimator for F , which is the mp x p matrix with ¢, jth block

column matrix

~

Fi ;= [gn(§+ ei€n + €jen) — gn(0 — eien + €jen) — g0 + eien — ejen) + gn(0 — eien — ejen)] /4e?.

Then, we construct the variance estimator as

~ o~ A~ /

Ve (0) = H'QH ™!

and the standard error is obtained by taking the diagonal elements of 1/ Vpu, (5) /n. 12
Next, we consider the iterated GMM estimator. Similar to the one-step GMM case where

Gy, takes the form of sample averages, we construct the following misspecification-robust variance

estimator
H'OHY,
= GW(0)G + (90(0) Wi (8) ® L,)F — (gn(8) W (8) @ G'W,(9))8,
1 > g,
n =1

~ ~ ~/ ~ ~ ~ ~ ~ ~ ~

i = G'Wi(0)gi(0) + Gi(0) Wi (0)gn(8) — G'Wi(0)0: (8)vs(6) W (8) 9 (6),

) 5
3
<)
1

where G = n~! Yoy G;(0), Gi(0) = A(X;,6), F and S can be estimated by the numerical derivative

methods similar to the one-step GMM case. H can be also estimated by the numerical methods

based on the criterion functions J,, (6, ¢) = ¢5(0) Wy (¢)gn(0), similar to Hansen and Lee (2021).
Finally, the asymptotic standard errors of the iterated GMM estimator is obtained by taking

the diagonal elements of 1/ Vy(8)/n.
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